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Abstract
The study in this dissertation aimed to develop novel slot waveguide and resonator based
compact integrated photonic sensors. Using guided photons as the probe for detection
and measurement, and finally converting the signal magnitude from any domain to an
electronic signal is one of the most effective approaches of sensing. Novel and efficient
designs of hybrid and composite plasmonic horizontal slot waveguides and dielectric
straight slot resonators are proposed and optimised to detect a small refractive index
change. Practically, the concentrations of chemical liquid and gas or vapour are often
expressed in terms of ‘grams per litre (g/l)’ and ‘parts per million (ppm)’, respectively.
Thus, device sensitivities related to the detection of those substances may be expressed in
amplitude or wavelength shift of the output optical signal per unit g/l or ppm. However,
changes in the concentration and the chemical property of any liquid, gas, and chemical
vapour result in refractive index variation of those substances. Therefore, we emphasised
the detection of the refractive index change which, on the other hand, represents the
concentration and/or chemical property change in the testing sample.
Design, optimisations, and performance analyses of those waveguides are carried out
by a direct divergence modified full-vectorial two-dimensional (2D) finite element method
(FV-FEM). It provides an accurate spurious free better characterisation approach to
handle all types of waveguides especially, the plasmonic and hybrid plasmonic waveguides
where the guided mode is a complex mixture of the dielectric waveguide mode and surface
plasmon polaritons (SPPs). Additionally, a full-vectorial three-dimensional (3D) FV-FEM
dedicated to solve the 3D resonator problems is also developed and implemented.
As an application of the 2D FV-FEM, first a metal nano-wire with identical and
non-identical cladding conditions are considered and modal evolutions of its plasmonic
fundamentals and complex supermodes are studied which also work as a benchmark of
the direct divergence modified 2D FV-FEM code. Different mode effective area definitions
iv
are incorporated with this newly modified code and the low and high index contrast
and hybrid plasmonic complex waveguides are simulated to determine the appropriate-
ness of different effective area approaches for various waveguiding structures. Following
this, the 2D FV-FEM is implemented in designing complex plasmonic slot based sensing
waveguides. A horizontal slot composite plasmonic waveguide structure with a low index
porous ZnO (P-ZnO) layer as slot material is reported and also incorporated in a compact
symmetric Mach-Zehnder interferometer (MZI) to detect the presence of ethanol vapour
in the environment. The waveguide is optimised to obtain a maximum slot confinement
(41%) and overall a high phase sensitivity of the MZI device. A similar hybrid plasmonic
horizontal slot waveguide is designed and optimised for detection of small refractive
index change in the bio-layers (ssDNA and dsDNA) during DNA hybridisation. Next, a
metal strip loaded horizontal slot hybrid plasmonic waveguide is designed for a high slot
confinement and lower modal loss. The waveguide structure contains a suspended Si slab
on top of an optimised thin metal layer (silver) to obtain a lower modal attenuation. It
shows an enhanced 60% and 82% power confinement in the slot and sensing (slot+clad)
sections, respectively with a small modal attenuation value of 0.036 dB/µm. This waveg-
uide is incorporated in an asymmetric Mach-Zehnder interferometer with an asymmetric
power splitting scheme which results in an improved interferometric fringe visibility. This
compact device exhibits a high temperature and chemical concentration sensitivity of 244
pm/◦C and 437.5 nm/RIU, respectively. Beside these waveguides, a silicon-on-insulator
(SOI) based vertically slotted straight resonator is also reported in this thesis. Due to its
easy and straight structural design it is free from the bending losses and its fabrication
steps are much easier compared to other complex devices such as ring, disk resonators,
and grating based sensors. The slot cross-section is first optimised and then its length
is calculated with those optimised parameters. The 3D straight resonator as a whole is
then considered for bulk and surface sensing. Complete performance analyses and the
resonating wavelength shift of the device due to small refractive index change during
bulk and surface sensing applications are determined by using the newly developed 3D
FV-FEM code. This straight resonator exhibits a 5.2 nm resonating wavelength shift for a
5 nm ultra-thin bio-layer and high bulk sensitivities of 820 nm/RIU and 683 nm/RIU for
filled and empty slot conditions, respectively.
v
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INTRODUCTION
1.1 Objectives and Motivations
A
dvancement of photonic technology not only shows its maturity in telecom-
munications but also shows a great potential in diverse field of applications
such as optical trapping [Ashkin et al., 1987; Neuman and Block, 2004], tweez-
ing [Curtis et al., 2002], quantum computations [Kok et al., 2007; O’Brien, 2007], and
sensing [Narayanaswamy and Wolfbeis, 2013]. Among them, photonic sensors have a
close relation with daily human life from environmental monitoring to medical diagnoses
where light science and technologies are used for detection and measurements. In a
photonic sensor, the measurand modulates the guided light and that can be analysed
to interpret the physical or chemical changes in the measurand. A positive growth in
Photonic sensors can be observed after the development of optical fibre. Giallorenzi et al.
[1982] and Grattan and Sun [2000] have shown the contributions of the optical fibre
sensors in temperature, pressure, strain, chemical, magnetic, and acoustic by means of
different transducer technologies such as Mach-Zehnder, Michelson, Fabry-Perot, Sangnac
interferometers. Photosensitivity of the optical fibre helps to inscribe the Bragg gratings
[Meltz et al., 1989] and long period gratings [Bhatia and Vengsarkar, 1996] in fibre core.
Since its development grating based fibre sensors became key technology for sensing.
Innovation of photonic crystal fibre [Birks et al., 1995; Knight et al., 1996] and special
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type fibres made a remarkable progress in optical sensing.
Billions of dollars have already been invested and a positive market growth can
be observed due to increasing demands of photonic sensors in smart-phones, chemical,
food, and pharmaceutical industries. A report published by Market Research Future,
a technology forecast consultancy company, states that the optical sensing market is
expected to grow nearly about 3.10 Billion USD by 2023 with a compound annual growth
rate (CAGR) of ∼14.3% between 2017 and 2023 [Future, 2018]. This positive growth
rate in photonic sensing industry impose a considerable amount of responsibility on
scientists and researchers. These increased legislative requirements motivate one to
apply novel phenomena in the development of integrated, compact, and nano dimensioned
photonic devices mainly for for accurate measurement of chemical, physical and biological
parameters, such as humidity, temperature, hazardous gases, stress, strain, pressure,
displacements, surface roughness, microscopic living substance, DNA hybridisations etc.
Integrated photonic sensors can easily be designed with pure dielectric materials,
noble metals, and in combination of both. Dielectric optical sensors are loss less and can
easily be developed by the well-known CMOS fabrication technology. However, dielectric
materials in combination with metals forms a novel type of waveguide where the guided
light mode is a combination of dielectric guided wave and excited surface plasmon polari-
tons (SPPs). It can be termed as hybrid or composite plasmonic waveguide. This allows
a sub-wavelength light confinement which can be used for an enhanced light-matter
interactions. Although, presence of lossy material introduces modal losses, however, a
greater sensitivity could be obtained with a smaller device footprint.
Compared to other commercially available electrical and electronic sensors, the pho-
tonic sensors are more reliable to use in hazardous atmosphere where other conventional
sensors are unsafe due to fire, electrical short-circuit, high temperature, corrosive envi-
ronment, radiation risk, and high electromagnetic interferences. On the other hand, for
real-time medical and bio-chemical sensing, the sensor should be light weight, compact,
and portable along with high precision and sensitivity. Dielectric material and noble
metal-based optical waveguides and resonators would serve those purposes for both
invasive and non-invasive measurements. Although, most commercially available sensors
are mainly fibre based, the state-of-the-art fabrication technology leads researchers to
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work on innovative high index contrast and composite material based integrated on-chip
sensors.
Design of a complete photonic system often requires individual component assessment
to evaluate its performance for the specially dedicated purpose. Analytical, semi-analytical
and numerical modelling are often considered for an accurate and optimised device de-
sign. Thus, advanced photonics modellings are helpful to predict and understand the
complex sensor characteristics before expensive production and experimental validations.
A complete sensing device comprises of many distributed complex optical waveguides
and supportive components. Understanding of fundamental light guiding phenomenon
and wave propagation characteristics through the optical components are necessary for
their effective use. Several modelling methods have already available based on analytical
and semi-analytical approaches. However, a pure analytical and semi-analytical method
exhibits its inefficiency for the solution of today’s practical waveguides where the power
confines in a transverse plane. Analytical approach only can solve the planar waveguide
by analysing the transcendental equations by taking field continuity at the material inter-
faces. In 1969 and 1970 Marcatili [1969], Goell [1969], and Knox and Toulios [1970] have
introduced semi-analytical methods which can only handle simple waveguide problems
but inadequate to solve complex waveguide geometries containing inhomogeneous and
anisotropic materials. Over last 40 years, several methods have been developed such as
the matrix methods [Sharma et al., 1983], mode matching method [Dagli and Fonstad,
1985], finite difference method [Bierwirth et al., 1986], method of lines [Rogge and Pregla,
1991], and the spectral index method [Stern et al., 1990]. Beside these approximated
approaches, the full-vectorial finite element method (FV-FEM) shows its high efficiency
for design, optimisations, and performance analysis of complex structured waveguides
and resonators [Rahman and Davies, 1984a,b, 1988]. Any arbitrarily shaped waveguide
geometry with isotropic and anisotropic multi-layered materials can easily be handled
by this powerful numerical tool. Simple mathematical formulations and clever use of
memory management algorithm for sparse matrices can make this method suitable for
readily available computer workstations.
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1.2 Thesis Outline
This thesis comprises eight chapters, including the current introduction chapter and
three appendices. The chapter contents are briefly described as follows:
Chapter 2 presents the review of different photonic sensing technologies. Integrated
photonic sensing method is emphasised and relevant works are reviewed and presented in
a table form. Different widely-used time and frequency domain numerical methods, useful
for rigorous design and optimisation of photonic integrated sensors and their advantages
and disadvantages are also reviewed in this chapter.
Chapter 3 consists of the numerical approaches used for design, optimisation, and
performance analyses of the waveguides and resonators used in this research work. The
two-dimensional full-vectorial method (FV-FEM) is redeveloped with a direct divergence
modified approach especially for an accurate modal analysis of plasmonic and complex
hybrid plasmonic waveguides. In the next section, a three-dimensional FV-FEM, useful
for resonator problems, is developed and its mathematical steps are described in detail.
Appendices A and B contain the calculation of global matrix elements used for the 2D and
3D FV-FEM, respectively. Benchmarking and validation of the 3D FV-FEM code has been
demonstrated in Appendix C. To study the waveguide junctions and modal losses the
least squares boundary residual (LSBR) method and perturbation formulation are used.
Chapter 4 focuses on the modal analyses of different waveguides such as metal
nano-wire, low index contrast optical fibre, high index contrast silicon-on-insulator (SOI)
based ridge, vertical and horizontal slot waveguides, and hybrid plasmonic slot waveguide
with the newly modified 2D FV-FEM. A metal nano-wire with identical and non-identical
cladding conditions are considered and corresponding plasmonic modal evolutions with
different design parameters are studied rigorously. In the next section, a comparative
investigation is carried out on different mode effective area (MEA) formulations and their
applicability to determine the effective area (Ae f f ) of the low and high index contrast and
hybrid plasmonic waveguides.
Chapter 5 presents two different designs of the horizontal composite plasmonic
waveguide (HSCPW) and its applications in chemical vapour and bio-chemical surface
sensing. In the first section, a porous ZnO (P-ZnO) layer of different porosity is considered
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to be sandwiched in between metal (silver) and high index dielectric silicon (Si) to form
a horizontal slot waveguide and it is incorporated to design a compact Mach-Zehnder
interferometer (MZI). Maximum light confines into P-ZnO slot region (∼ 41%). The
refractive index change due to capillary condensation of the absorbed ethanol vapour into
ZnO mesopores of different porosities are obtained in terms of MZI phase sensitivity. In
the second section, a metal layer (gold) is suspended on top of Si to form a horizontal
slot. The waveguide design is optimised based on the power confinement in the bio-layers
(ssDNA and dsDNA), useful for a surface sensing mechanism. A considerably high power
confinement (∼8%) is obtained which results in the waveguide surface sensitivities of
0.0025 and 0.0019 RIU/nm for 80 and 100 nm slot height, respectively.
Chapter 6 presents a design of a metal strip loaded horizontal slot hybrid plasmonic
waveguide (MSLHSHPW) and its applications in temperature and liquid concentration
sensing. A horizontal slot is formed in between deposited metal (silver) layer on silica
(SiO2) and a suspended Si layer. The waveguide design is optimised for maximum slot con-
finement (∼60%) which gives a maximum waveguide sensitivity of 1.13. This MSLHSHPW
is then incorporated in an asymmetric Mach-Zehnder interferometer (MZI) to detect the
temperature and concentration change of the isopropanol solution. Asymmetric power
splitting scheme is adapted to enhance the MZI fringe visibility to the ideal value (' 1).
This single on-chip sensor design provides a considerable high temperature and chemical
concentration sensitivity of 243.9 pm/◦C and 437.3 nm/RIU, respectively.
Chapter 7 describes a design of silicon-on-insulator (SOI) based vertical slotted
straight resonator which is free from the bending losses like ring resonator. The slot
design parameters are optimised for maximum light confinement for both bulk and
surface sensing applications. The resonator length is then calculated with the optimised
design parameters. Finally, the resonator performance is evaluated by using the newly
developed 3D FV-FEM. A sucrose solution and an ultra-thin bio-layer (refractive index
1.45) are considered for bulk and surface sensing, respectively. This straight resonator
provides a 5.2 nm resonating shift for surface sensing and high bulk sensitivity of 820
nm/RIU.
This thesis concludes with the Chapter 8 which summarises all the findings and
explores the possible directions of future research work.
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OVERVIEW OF PHOTONIC SENSORS AND ITS MODELLING
2.1 Introduction
T
his chapter provides a comprehensive review of photonic devices and its applica-
tion in sensing technologies. The study starts with the concepts of different light
guiding mechanisms with detailed description of various optical waveguide and
resonator designs. It proceeds with a discussion of different numerical methods suitable
for modelling those photonic devices. Finally, we have summarised some of the most recent
and relevant works on dielectric and hybrid plasmonic slot waveguide based integrated
optical sensors.
2.2 Principles of Optical Sensing Technology
A sensor transform a measurable physical parameter into an electrical or electronic signal
which can be manipulated or measured easily to quantify the measurand parameter. A
photonic sensor follows the same definition but here the measurable parameters can be
encountered by means of a bunch of guided photons i.e. light. Nowadays, utilisation of
light probe for optical sensing is considered as one of the most efficient approach. Optical
sensing technology gained its maturity after 1960, the invention and demonstration
of laser. Photonic sensors can be classified as intrinsic and extrinsic depending on its
6
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application choice. If a waveguide itself acts as a sensor probe, an intrinsic sensor is
formed, however, in an extrinsic sensor, the waveguide only guides the light from a sensing
element to another optical element for light-matter interaction. Photonic sensors can
also be classified into two sections such as labelled and label-free sensors. Apart from
this broad classification, the photonic sensors can also be categorised by the way of their
sensing mechanisms for different applications. All these mechanisms have been discussed
in following sections.
2.2.1 Fluorescence-based Sensing
One of the widely used labelled sensing mechanism is fluorescence sensing which shows a
change in spectral property in response to the analyte. Florescence refers to the emission
of light of different wavelength by a substance after it absorbs light. It happens when an
orbital electron of a molecule moves to the ground state from an excited state by emitting
a photon. In most cases, the emitted photon has lower energy, thus a higher wavelength
of the electromagnetic wave associated with it, than the absorbed radiation. It can be
explained as:
Excitation: E0+hνexcite → E1 (2.1)
Emission: E1 → E0+hνemission+heat (2.2)
where E0, E1 are the ground and excited energy states. h is the Planck’s constant. νexcite
and νemission are the frequency of the excited and emitted light, respectively.
The change in spectral property can be obtained in the intensity, emission spectrum,
anisotropy, or the lifetime of the fluorophore [Lakowicz, 2006]. The most common ap-
proach is when the fluorescence intensity varies due to analyte properties, shown in
Fig. 2.1(a). However, this scheme is often inconvenient to use because the fluorescence
intensity may vary due to many reasons. The fluorophore concentration is not easy to
control in sample locations. Also the local fluorophore concentration changes in a ran-
dom fashion due to diffusion or photo-bleaching. This limitation can be overcome by
following the measurement which is independent of fluorophore concentration. An inten-
sity ratio could be considered where spectral shifts occur in the emission or absorption
spectra due to binding of analyte, shown in Fig. 2.1(b). In reverse analysis, the analyte
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Figure 2.1: Different fluorescence sensing mechanism spectra. Figures from left to right
define the sensing schemes depending on intensities (a), intensity ratio (b), anisotropies
(c), time-dependent lifetimes (d), and phase-modulation measurements. Reproduced from
[Lakowicz, 2006]
concentration can be calculated by taking ratio of spectral intensities measured at two
excitation and emission wavelengths. Additionally, another ratio-based measurement
depends on fluorescence polarisations or anisotropy where the sample analyte causes
the change in the anisotropy [Canet et al., 2001]. Anisotropy value can be obtained by
taking ratio of polarised intensities. Anisotropic fluorescence measurements are inde-
pendent of fluorescence material concentrations until the measurements are influenced
by autofluorescence or poor signal-to-noise of the measurement devices. Fluorescence
lifetime is also an useful parameter for sensing measurements where the intensity based
measurements are inadequate to produce reliable results. The lifetime can be measured
either by using time-domain (shown in Fig. 2.1(d)) [Szmacinski and Lakowicz, 2002, 1995]
or by frequency-domain (shown in Fig. 2.1(e)) methods [Szmacinski and Lakowicz, 1993;
Lakowicz and Maliwal, 1993; Harms et al., 1999]. In the time domain measurements, an
intensity slope i.e. decay which is free from the signal attenuation, can be used. If the
lifetime is determined by either phase or amplitude modulations then the values are free
from intensity measurements.
Although, this technique can accurately sense a small fractional change in target
analyte, however, a fluorescence sensor also offers some disadvantages which makes it
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difficult to implement it outside of a testing laboratory. These disadvantages can be listed
as:
1. A foreign body such as fluorophore may damage the sensor and its performance.
2. Fluorescence sensing may face observation difficulties due the photo-bleaching. It
is a photochemical alteration of a fluorophore molecule or dye due to change in
covalent bonding or some reactions between fluorophore and sample analyte. It can
damage the dye permanently to fluoresce.
3. Dye or fluorophore response may get affected by local pH and/or oxygen.
4. Reaction between dye and analyte may damage the living substances in the sample
under observations.
5. This process requires expensive, dedicated optical devices for interrogations.
2.2.2 Frequency Comb-based Sensing
Frequency comb-based measurement was first introduced in late 1990s that has reformed
the precise measurements of time and frequency by directly linking microwave and optical
frequencies [Ferreira et al., 2017]. A frequency comb can be defined as an optical spectrum
consisting of phase coherence equidistant narrow lines. A femtosecond mode-locked laser
can generate millions of laser modes as lines with an equidistant gap. It can be used as an
optical ruler in frequency space if the comb frequencies are known. A separation between
different optical frequencies can easily be determined with that. Nowadays, researchers
have applied laser optical combs for distance [Schuhler et al., 2006; Salvadé et al., 2008],
strain [Minamikawa et al., 2018; Zhang, Lu, Chen, Huang, Liu and Jiang, 2012], optical
coherence tomography [Bajraszewski et al., 2008], and also for atomic and molecular
spectroscopy [Hasegawa and Sasada, 2017; Gatti et al., 2012; Mandon et al., 2009]. The
broadband frequency comb spectroscopic sensing have already been demonstrated in
mid-IR region that can detect ppb level of molecular concentrations with hundreds of
MHz resolution in less than a minute acquisition time [Foltynowicz et al., 2011].
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Frequency comb-based sensing is in its early stage of development. Current research
and continuous progress could lead this technology to the next generation molecular
sensing beyond spectroscopic limits.
2.2.3 Terahertz (THz) Sensing Technology
Terahertz (THz) band refers to the electromagnetic spectrum that lies between microwaves
and infrareds with wavelengths and frequencies between 10 mm and 30 µm, and 30 GHz
and 10 THz, respectively. This frequency region was untouched until the development
of ultra-fast mode lock laser and semiconductor based photo-conductive emitters and
detectors. This gives rise to the time-domain terahertz spectroscopy [Cheung and Auston,
1986]. It has a great potential for label-free characterisations of DNA and RNA topology.
The spectroscopic analysis shows an unique complex refractive index in the THz frequency
domain as a function of the binding state of the analysed DNA sequence. Therefore, by
analysing the THz spectra one can infer the binding state of the oligo- and polynucleotides
[Brucherseifer et al., 2000; Bolívar et al., 2004]. In addition to THz spectroscopy, THz
imaging also has a great potential for non-destructive, non-contact sensing, especially
for security applications. As non-metallic and many non-polar materials are transparent
to the THz radiation, thus, it can easily detect hidden weapons. Many target explosives,
bio-chemicals, and illegal drugs have characteristic THz spectra that can be used to
identify the hidden chemical compounds. Moreover, THz radiation have minimal health
risk on human body [Federici et al., 2005] thus, THz based sensors and imaging systems
have a wide applications in defence and securities. Many explosives such as C-4, HMX,
TNT, and RDX and illegal drugs have unique fingerprints in the THz range. Therefore,
any hidden suspicious materials could easily be detected by analysing either the reflective
or transmissive spectra.
Apart from THz spectroscopy and imaging based technologies, there has been an
extensive research on other types of THz sensors and detectors. For instance GaAs/AlGaAs-
based quantum well infrared photo-detector at a wavelength of 84 µm [Graf et al., 2004].
Graphene and semiconductor nano-wire assisted field effect transistors (FET) act as THz
detectors [Vicarelli et al., 2012; Vitiello et al., 2011]. A FET channel acts as a resonator
of plasma waves. Nonlinear properties of that electron plasma waves in a commercial
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GaAs/AlGaAs and in a double quantum well FET channel can be used for detection and
mixing of THz frequencies [Teppe et al., 2005; Knap et al., 2009]. THz radiation can
also be useful for detection of water content biological pathogens [Castro-Camus et al.,
2013], complex dynamics and structures of proteins [Falconer and Markelz, 2012], food
inspection [Yan et al., 2006] and as a probing tool for various industrial applications.
Recent researches on the THz-based sensors have shown its enormous potential as an
inspection tool for various applications. However, the relatively expensive components of
the sensing probe make this technology remain away from the normal commercial uses.
2.2.4 Plasmonic Sensors
Surface plasmon based sensing is one of the label-free matured method of photonic
sensing technology where a surface plasmon resonance (SPR) is used to detect a small
refractometric change in local and bulk sensing material. The SPR occurs at the interface
of metal and dielectric having dielectric constants of opposite signs. The evanescent
field of the guided wave by the dielectric medium excites the free electrons at the metal
surface.These results in electron charge density oscillations and forms a surface plasmon
wave (SPW). Often the TM-polarised SPW undergoes a phase change if the SPW comes in
contact with the target analyte. This phase change can be measured and correlated with
the change in analyte. Here, the phase matching condition between dielectric waveguide
guided core mode and a plasmonic mode which is directly influenced by the adjacent
sensing analyte is exploited. When the phase matching condition is satisfied, the power
from the guided mode couples to the highly lossy plasmonic mode. Therefore, sensitivity
of the SPR-based devices can be derived from the change in power loss of the guided
mode. The SPR phenomenon was first proposed by Kretschmann and Otto in late 1960s
[Kretschmann and Raether, 1968; Otto, 1968]. In Otto configuration, evanescent light
wave from the prism wall interact and excites the plasma wave on the inward surface of a
closely placed thin metal film. Besides, in the Kretschmann configuration, a thin metal
film is evaporated onto the prism wall. Thus, evanescent wave penetrates the metal film
and excites the surface plasmon wave. This SPW excitation happens at a certain incident
angle (θ), also known as SPR angle, of illumination that can be obtained as a dip in the
intensity distribution of the reflected light. Thus, a minor change in the nearest dielectric
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media may shift the SPR angle results in a shift in the intensity dip. This scheme has
much potential in the field of real-time optical sensing.
Later on, an extensive research has been done on plasmonic based waveguides and
devices to obtain highly sensitive and compact sensors. In most cases, multimode fibres
were widely used to exploit the long range surface plasmon polariton (LRSPP) with lower
attenuation which is useful to enhance the device sensitivity due to its much longer length
of light-matter interaction [Trouillet et al., 1996; Sharma et al., 2007; Jorgenson and Yee,
1993]. Single mode fibre can also be used to excite the SPW by polishing one side of the
fibre (D-shaped) and deposit a thin metal layer over the polished region [Slavık et al., 1999;
Piliarik et al., 2003]. In this case, the fundamental guided mode excites the plasmon mode
at the interface between metal and sensing medium and corresponding resonance occurs
if these two dielectric and the plasmonic modes are closely phased matched. Thus, a small
refractive index change adjacent to metal surface due to receptor molecule and target
analyte interaction can be determined by means of resonant wavelength shift. A metal
coated complete circular single mode fibre without a D-shaped side-polished profile can
also be used for surface plasmon excitation [Sharma and Gupta, 2005]. Chen et al. [2014]
have shown a low-index polymer (CYTOP) and metal coated circular single mode fibre
(SMF-28) sensor where the fibre cladding modes couple to LRSPPs on the metal-analyte
interface, useful for bulk and surface sensing. Besides, a metal coated tapered fibre
sensing probe also has a great impact as a SPR based sensor [Verma et al., 2008, 2007]. It
has been shown that the increasing taper ratio helps to increase the penetration depth of
the evanescent field of the guided mode which, therefore, enhance the device sensitivity.
However, tapering of the fibre core makes the fibre probe more fragile. Additionally, a
U-shaped SPR-based fibre sensor have been proposed by [Verma and Gupta, 2008] where
an optimum bending radius can be obtained to achieve a maximum probe sensitivity, even
better than the tapered fibre. The U-bent fibre covered with gold (Au) [Satija et al., 2014]
and silver (Ag) [Dutta et al., 2011] nano-particles also have been exploited for the SPR
based fibre optic sensing applications.
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2.2.5 Photonic Crystal Fibre-based Sensors
Optical fibre-based sensors is a well-developed technology and can be used in differ-
ent types of sensing devices and transducers. Since 1980s, many researchers developed
SPR-based single mode and multimode side-polished, U-shaped, tapered fibre probes for
sensing applications that have already been discussed in the previous section (Section
2.2.4). On the other hand, after introduction of photonic crystal fibre (PCF) by [Birks et al.,
1995; Knight et al., 1996], a new concept of fibre-based sensing came under researcher’s in-
terest. PCF is a special type of optical fibre with periodic micro-structured air-holes in the
transverse cladding plane [Russell, 2003]. This fibre is fabricated with a single material,
typically silica, and different structured air-hole arrays along the fibre length. PCF allows
to confine light in small solid core via modified total internal reflections. This type of
fibre shows high nonlinear coefficients [Dudley and Taylor, 2009], controllable dispersion,
and mode shape properties [Knight et al., 1998] which is useful for supercontinuum
generation over a wide wavelength range [Wadsworth et al., 2002] with relatively low
energy pump pulses. It makes this fibre useful for optical coherence tomography (OCT)
[Wang et al., 2003; Aguirre et al., 2006] and low cost compact sized spectroscopic systems
[Kano and Hamaguchi, 2004; Okaba et al., 2014]. Besides, presence of air-holes in close
vicinity of the fibre core makes it possible to exploit the PCF modal properties by filling
the air-holes with measurand materials. Chemical, biological liquid or gaseous sample
can be accommodated inside the air-holes leads to a strong light-matter interaction. These
channels can also be fictionalised with selective bio-linker layer that can enhance the
binding of target molecules. Due to the micron sized air-holes, a very small amount of the
fluid or chemical sample can be used for detection. These properties make the PCF useful
for chemicals, protein and DNA hybridisation recognitions [Skorobogatiy, 2009; Monro
et al., 2010; Ruan et al., 2008]. Real-time detection of gas emission and diffusion have
wide applications in chemical, pharmaceutical, food, petroleum, and defence industries.
Therefore, the sensing devices need to be fast, selective, accurate, and most obviously not
susceptible to any chemical hazards. Several works have been carried out on different
PCF-based strategies for the detection of acetylene [Hoo et al., 2002; Pickrell et al., 2004;
Hoo et al., 2005; Austin et al., 2009; Henningsen et al., 2005], methane [Kornaszewski
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et al., 2007], ethane [Buric et al., 2008], propane [Buric et al., 2008], hydrogen [Minkovich
et al., 2006], carbon dioxide [Ding et al., 2011], hydrogen cyanide [Henningsen et al.,
2005; Ritari et al., 2004], and ammonia [Ritari et al., 2004] gases. Even more, oxygen,
nitrogen, and quantitative measurement of gas mixtures have been done with the help of
spontaneous Raman backscattering in PCF [Buric et al., 2009] and in-line hollow core
photonic bandgap fibre (PBF) [Lehmann et al., 2011], respectively. The large mode area
PCF-based interferometric sensor proposed by [Mathew et al., 2010] can easily detect
the environmental humidity without any hygroscopic material. Hollow and solid core
PCFs can also be used for simultaneous measurements of temperature and strain. A
germanium-doped PCF based distributed Brillouin sensing system, high birefringence
PCF-based polarimetry, hybrid Fabry-Perot cavity splicing at the end of a SMF, Sagnac
loop using an elliptical hollow-core PBF, and modal interferometer by using hollow core
PCF in between two SMFs and two tapers in a boron-doped high birefringence PCF can
simultaneously measure strain and temperature with high sensitivity and resolution [Zou
et al., 2004; Han et al., 2009; Frazao et al., 2009; Andre et al., 2010; Kim et al., 2009; Aref
et al., 2009; Statkiewicz-Barabach et al., 2011]. It is also noticeable that gratings can be
inscribed into the PCFs with germanium-doped core [Eggleton et al., 1999; Kakarantzas
et al., 2002]. Long period gratings (LPG) incorporated PCFs have a great potential to
the detection and measurement of pressure, temperature, humidity and bio-chemicals
[Bock et al., 2007; Hu et al., 2012; Zheng et al., 2013; Rindorf et al., 2006; Dobb et al.,
2004; He et al., 2008]. Apart from the sensing technologies discussed above, the PCF is
also useful for the detection of flying particles trapped inside hollow cores [Bykov et al.,
2015], electrical and magnetic fields [Mathews et al., 2011; Chamorovskiy et al., 2009],
bend/curvature [Gong et al., 2010], twist [Fu et al., 2010], and vibration [Thakur et al.,
2011]. The development of the hollow and solid core PCFs not only improve the sensor
performance but also exploits the novel sensing concepts that are impossible to achieve
with the conventional fibres.
2.2.6 Integrated Waveguide-based Sensors
Optical waveguides, initially developed and used for telecommunications, is also useful
for sensing process due to its tunable light-matter interaction, precise measurement,
14
CHAPTER 2. OVERVIEW OF PHOTONIC SENSORS AND ITS MODELLING
and flexible design. So far, a detailed discussion has been placed in previous sections
on the advancement of various photonic sensing technologies and its incorporation with
recently developed optical optical fibres, waveguides and other devices. Optical fibre
is a well-established light-guiding method that has already been used with different
sensing platforms. However, light guiding can also be possible in a chip-level by means of
nano-dimensioned rib, channel, ridge, hollow-core, and slot waveguides. Both the labelling
and label-free sensing processes can be exploited by these exotic waveguiding designs. A
CMOS compatible standard lithographic technique can be used in fabrication of low-cost
mass production of these waveguides on a single chip. Compared to the low index contrast
optical fibres, a high index contrast silicon-on-insulator (SOI) based waveguides are more
efficient for light confinement in the core region. It also provides smaller bending radius
which makes it possible to accommodate a large number of components on a single chip.
The rib, channel, ridge, and strip waveguides provide a tight confinement in the core and
a modest evanescent tail may interact with the surrounding sensing analyte in the form
of clad. Another exotic design, a hollow-core waveguide is much useful and advantageous
for bio-chemical liquid and gas sensing, reported by [Saito et al., 1993; Bernini et al.,
2002]. It works as an absorption cell and its performance is highly wavelength dependent.
One of the main drawback is its waveguide length which is much larger (few centimetres)
compared to the integrated SOI-based waveguides (few microns) thus not suitable for
on-chip fabrication.
Another revolutionised concept of optical light guiding is the slot waveguide first
proposed by [Almeida et al., 2004] where light is mainly guided by the low index slot
region. A nano-dimension slot or a gap can be formed by placing two high index dielectrics,
metals, or dielectric and metal strips. Therefore, the guided electric field normal to the
high and low index material interfaces show a large discontinuity. This unique feature of
light guiding mechanism results in a large field enhancement in the nano-dimensioned
gap accessible to the outer cladding materials. Depending on the slot orientations, the
waveguide can be termed as vertical [Almeida et al., 2004], horizontal [Sun et al., 2007],
and a combination of both vertical and horizontal, forming a cross-slot waveguide [Khanna
et al., 2009; Pan and Rahman, 2017]. In cases of both the vertical and horizontal slots,
the dominant electric field components (Ex and E y) of the quasi-TE and TM modes,
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respectively have the discontinuities at the high and low index material interfaces,
therefore, enhance the light confinement inside the gap. Thus, instead of an evanescent
field tail which is a small fraction of the guided mode of the conventional waveguides, a
dedicated large field of the slot waveguide is now available for sensing. This helps in a
strong light-matter interaction which makes this exotic waveguide design more attractive
for label-based, label-free sensors and opto-mechanical tweezers [Yang, Moore, Schmidt,
Klug, Lipson and Erickson, 2009; Yang, Lerdsuchatawanich and Erickson, 2009]. Most
often, the main aim of the optical waveguide sensor has been to detect the refractive
index changes of the surrounding environment and correlate it with its physical changes.
For accurate measurement of these refractometric changes, the designed and optimised
slot waveguides can be incorporated into suitable transducers such as Bragg gratings
[Wang et al., 2013a], conventional photonic crystals [Lai et al., 2011], interferometers and
resonators. Several interferometric configurations e.g. Mach-Zehnder (MZ), Young, Sagnac,
and coupler interferometers can be used as transducers. Waveguide modal shift due to
light-matter interaction introduces a phase change and that can be detected by measuring
the interferometric fringe shift at the output. A very small refractive index change can be
monitored by these transducers. On the other hand, ring, disk, and whispering gallery
based resonating devices can also detect the changes in measurand analyte by means
of wavelength shift of the resonating spectra. Several research articles can be found
based on slot waveguide sensors. Different slot waveguide structures can be formed based
on pure dielectrics, metals and by combining dielectric and metal. Metal and dielectric
combination forms a hybrid slot which not only excites the surface plasmon polaritons
(SPPs) at the metal-dielectric surface but also carries a hybrid plasmonic mode, a mixture
of SPPs and dielectric guided wave. It has a significant advantage as it enhance the slot
power confinement compared to a pure dielectric waveguide. Several research works on
dielectric and hybrid plasmonic slot waveguide based integrated photonic sensors have
been reported and an overview of those published results are listed the Table 2.1. In
this thesis, our work is mainly focused on the design and optimisation of slot waveguide
based integrated photonic sensors for detection of bio-chemicals, DNA hybridisation, gas,
chemical vapour, and temperature.
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2.3 Numerical Methods as Modelling Tools
Commercial production of photonic waveguides and devices require design, fabrication,
characterisation, and possible redesign for performance optimisation. These cyclic de-
velopment process of micro and nano-dimensioned photonic device is highly expensive
and also time-consuming. The computerised numerical modelling is an effective way to
cut-down those expensive steps before final production. Chip-level individual waveguides,
sensors, and also a complete sensor array can be designed and optimised for its best
performance. Simulation also helps to investigate the novel phenomenon that may be
hindered with current experimental facilities. Previously, an analytical, semi-analytical,
and closed-form solutions were used for simple device modelling. As the progress in tech-
nology demands complex devices, the applicability of those analytical methods became
limited. Therefore, with the advancement of low-cost computer technologies, it has become
possible to study those exotic waveguides and devices using computerised codes based on
different numerical simulation tools.
2.3.1 Frequency Domain Methods
The first step to design a waveguide is to study its modal properties such as mode effective
index, propagation constant, effective area, dispersion, modal loss, and confinement factor
and finally the full-vectorial ~E and ~H field profiles. A simple scalar approach is sufficient
to solve the circularly symmetric low index contrast waveguides. However, for high
index contrast silicon-on-insulator (SOI) and silicon-on-nitride (SON) based waveguides,
complex shaped photonic crystal fibres with non-linear and anisotropic materials require
a rigorous full-vectorial approach. Most of the commercially available mode solvers are
based on transfer matrix method, finite difference method (FDM), method of lines (MoL),
and finite element method (FEM). Among them, the finite element based approach is
much effective in terms of sufficient accuracy with less computational resources and
handling of complex waveguide design with multiple layers of different materials. Main
advantages of the finite element based approaches can be listed as:
• FEM has ability to discretise the computational domain with arbitrarily curved
and/or slanted boundaries using the curvilinear and/or irregular mesh elements.
20
CHAPTER 2. OVERVIEW OF PHOTONIC SENSORS AND ITS MODELLING
• Easy implementation of the electromagnetic boundary conditions to make the field
continuous across the material interfaces.
• A higher accuracy could be obtained by considering element interpolation functions
for different types (triangles and quadrilaterals for 2D and tetrahedrons, bricks,
prisms, and pyramids for 3D) and orders of mesh elements.
• Easy to set-up scalar and vectorial formulation in a single package whenever
necessary.
• Ability to tie-up with other analysis such as perturbation, least squares boundary
residual for various applications.
• Its repetitive calculation steps make it suitable for computerised implementation
for any large problem domains.
The finite element method for electromagnetic problems can be implemented by two alter-
native approaches such as the variational approach and the Galerkin method [Rahman
and Agrawal, 2013]. In this thesis, a ~H field based full-vectorial variational approach
has been followed for the development of two-dimensional and three-dimensional finite
element method (described in detail in Chapter 3). Most of the dielectric material based
sensing waveguides have real effective index unless the modal loss has been introduced
due to bending or by some external means which results in a small imaginary term in the
effective index. On the other hand, metal assisted waveguide modelling needs to handle
a large imaginary refractive index along with the real one. In recent plasmonic based
photonic sensors, a hybrid plasmonic modal investigation with accurate determination of
the modal loss is highly recommended and that can easily be performed by the frequency
domain finite element analysis.
In some optical waveguide sensors, the cross-section may vary abruptly or continu-
ously, where the beam propagation method (BPM) is more useful for analyses rather than
multiple modal solutions at different waveguide cross-sections. Most of the commercially
available BPM packages are based on the finite difference method (FDM). However, a
FEM based BPM (FE-BPM) developed by [Obayya et al., 2000] is more computation-
ally efficient than the FDM based approach and can be useful for low and high index
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contrast bent waveguides and optical fibres. Besides, a conformal transformation can
also be applied for bent waveguide analyses proposed by Heiblum and Harris in 1975
[Heiblum and Harris, 1975]. In some cases, a complete photonic sensor design may has
discontinuity between two waveguiding sections where the tangential component of the
electric and magnetic fields must be continuous at the interfaces. This disruption causes
reflection, scattering, and reduced transmission of the propagating wave at the junction. A
simple overlap integral can be used to analyse this discontinuity. However, a full-vectorial
least squares boundary residual (LSBR) method developed by [Rahman and Davies,
1988] would be more rigorous to determine the reflection, transmission, and scattering
coefficients at the interface.
2.3.2 Time Domain Methods
Several photonic devices require numerical methods that can simulate the field evolutions
as a function of time. Some problems include modelling of time dependent transient
phenomenon and simultaneous characterisations at various frequencies of the broadband
spectra. Several time domain approaches such as finite difference time domain (FDTD)
and finite element time domain (FETD) can be used to solve those time dependent
problems. FDTD is one of the widely used method in photonics community. It solves the
approximate solutions of the differential equations associated with the system and can
handle a wide frequency range in a single run. Its formulation steps follow the leapfrog
pattern [Yee, 1966] where the electric and magnetic field are located at different spatial
grid points and are evaluated at different time steps. The physical significance of the
curl operator in the Maxwell’s equations is to rotate the ~H(~E) field with the time change
in ~E(~H) field. Therefore, this method cannot solve the ~E and ~H field components at the
same location at the same instant of time. Thus, a small time step need to consider for an
accurate solution which on the other hand demands high computational resources and
time. It is also notable that the FDTD only uses rectangular grids for domain discretisation
[Taflove, 1980]. Therefore, it is difficult to handle some arbitrarily and circularly shaped
structures with curved boundaries.
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2.4 Waveguide Fabrication Technologies
2.4.1 Wafer Fabrication
Recent progress in modern fabrication technologies makes it possible to develop silicon-
on-insulator (SOI) and silicon-on-nitride (SON)-based complex waveguides with lower
insertion loss, compact integration, low cost, and multi-functional on-chip photonic devices.
Si is a centrosymmetric material with indirect bandgap. Therefore, integration with other
materials requires additional material processes, wafer bonding, epitaxy, deposition, and
others. Development of SOI wafer is a common process of high-index contrast waveguide
fabrication. The most favourable choices of SOI wafer fabrication processes are bond and
etch-back silicon-on-insulator (BESOI), separation by implantation of oxygen (SIMOX),
epitaxial layer transfer (ELTRAN), Smart Cut, and seed method.
The bond and etch-back silicon-on-insulator (BESOI) method follows a direct bonding
between silicon wafers with chemically deposited, or thermally grown oxidised surfaces
[Iyer, 2002]. The wafer surfaces need to be cleaned before boding. A controlled high
temperature annealing process is followed to strengthen the adhesion after bonding. Next,
different waveguide structures can be formed by wet or dry etching or lift-off techniques.
The separation by implantation of oxygen (SIMOX) technology uses ion implantation
process in which the oxygen ions are accelerated into solid substrate at low temperature.
The oxygen ions combine with the Si atoms to form buried silicon oxide layer. After ion
implantation, the wafer follows an annealing process at high temperature (>1300 ◦C) to
form a stable buried oxide (SiO2) layer in a Si wafer [Ogura, 1999].
The epitaxial layer transfer (ELTRAN) technique was first developed by the Canon
Inc., Japan in 1990. This fabrication method involves the BESOI process with epitaxial
growth on porous Si. It can be etched selectively by hydrogen annealing. The main
advantage of this technique is that the bonded wafer can be split into two wafers at the
porous Si layer by using water jet. One part develops the ELTRAN processed wafer and
another part can be reused for further processing which on the other hand reduces the
wafer manufacturing costs. Here the hydrogen annealing process uses for wafer surface
smoothing whose thickness uniformity much greater than the chemical mechanical
polishing (CMP) method. The special feature of this process is highly controllable epitaxial
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layer growth with thickness from few nanometres to several micrometers.
The Smart Cut is a process of SOI wafer formation which can transfer and develop
a very thin layer of crystalline Si from one wafer to another wafer. It involves two
technologies such as bonding of two wafers and ion implantation which induces an in-
depth splitting of the implanted wafer [Bruel et al., 1997]. The SOI wafer forms by means
of hydrophilic conditions to bond the implanted oxidised wafer to the silicon handle
substrate. This process requires a special cleaning treatment before bonding because
the implantation process manipulates the oxide surface in terms of particle and organic
contaminations. After bonding, the splitting step can be followed at the weakened zone of
the thick wafer layer in order to grow thin crystalline Si layer. The other separated part
can be reused for further SOI wafer fabrication. This Smart Cut process is advantageous
because of the thickness flexibility of both the buried oxide layer and Si layers. The
buried oxide layer is thermally grown thus its thickness can be tunable. The Si upper
layer is formed due to splitting at the depth of maximum hydrogen concentration. Due
to controllable ion energy, the Smart Cut process also results in a homogeneous thicken
layer after splitting.
The seed method involves direct growing of Si layer on top of insulator. It requires a
template for uniform deposition of Si epitaxy onto the insulator by proper orientation or
specific chemical treatment of the insulator.
2.4.2 Hybrid Plasmonic Waveguide Fabrication
Fabrication of photonic ICs with customised micro and nano patterns could be obtained
with the help of lithographic process. Currently, photolithography is a widely used fabrica-
tion technique to print micro-fabrication patterns on thin film for electronic and photonic
devices. In this process, light passes through a user defined photomask to a light sensitive
chemical photoresist on the substrate. Then the custom geometrical pattern could be
formed by either engraving the exposure pattern or depositing another material in that
pattern. The photolithography resolution (R) can be written from the Rayleigh equation
as, R = kλN A . The resolution depends on the wavelength (λ) of the light source, resolution
factor (k) depends on photoresist, and numerical aperture of the lithographic lens system.
A high resolution results in a minimum feature size. The smallest feature size of 50 nm
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could be achieved by using an Argon Fluoride Excimer laser with λ = 193 nm. However,
for sub-wavelength hybrid plasmonic waveguide design photolithography is not suitable.
The electron beam lithography (EBL) is much powerful compared to photolithography
for printing nano-structures. This process has very high resolution and it can achieve a
minimum feature size of a few nanometres. Here the smaller aperture size of the lens
system results in a higher resolution. This technique involves scanning a focused electron
beam to write an user defined custom shape on a sample covered with electron-sensitive
chemical resist. The electron beam exposure changes the solubility of the resist film. Next,
the resist layer can be developed in a suitable solvent to selectively dissolve either the
e-beam exposed or unexposed regions.
This thesis comprises SOI-based nanometre scaled dielectric and complex hybrid
plasmonic slot waveguides. All these sophisticated waveguide structures could be realised
with aforementioned SOI wafer fabrication processes and the electron beam lithography
technique.
2.5 Summary
This chapter provides a detailed overview of the current trends in photonic sensing
technology. Among them, the integrated waveguide and resonator based photonic sensors
have been emphasised and highlighted as the work presented in this thesis is based
on the slot based on-chip devices and resonators. All the significant slot based photonic
sensors and their important sensing properties, relevant to this work are tabulated in
a simplified fashion. The frequency and time domain numerical methods which can be
used for rigorous design, optimisation and characterisation of those integrated slot based
photonic devices have been briefly discussed and most relevant works have been reviewed
which finally helps to modify and develop the two-dimensional divergence modified FEM
and three-dimensional FEM, respectively discussed in detail in next chapter.
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FINITE ELEMENT BASED FREQUENCY DOMAIN ANALYSES
3.1 Introduction
D
esign, fabrication, characterisation, error analysis, and possible redesign are
the time consuming steps in the development of photonic devices. Here, the nu-
merical simulations play an important role to analyse the devices by reducing
the development time and cost. Previously, closed form solutions and analytical methods
were used for device modelling. In recent years, due to progressive complications of the
nano-scale devices and limitations of analytical solutions, the numerical methods are
widely used to simulate the highly complicated single or multi-layered photonic devices
with composite materials. Various numerical methods such as transfer matrix method,
finite difference method, finite element method, integral-equation method, transfer line
matrix method, and stochastic Monte Carlo method are already available for modelling
micro and nano-dimensioned photonic devices suitable for user’s needs. All these methods
solve the Maxwell’s electromagnetic equations at some point with their own signature ap-
proaches. These methods can be classified in terms of accuracy, efficiency, and complexity.
However, Chiang [Chiang, 1994] has shown that every method must have some sort of
compromises and assumptions. Thus, not a single method can be claimed as superior to
others in all the points. Users should choose the method wisely depending on the problem
such that it can provide an acceptable accuracy with minimum implementation effort
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and computational resources. Among them, the finite element based frequency domain
approach could be considered as dominant and arguably most powerful method due to
its versatility and ability to produce robust and accurate results of complex problems in
many branches of science and engineering.
In this chapter, the finite element method (FEM) has been described in detail and
later on is implemented in two-dimensional and three-dimensional waveguide and res-
onator modal solutions, respectively. This FEM can easily handle an arbitrarily shaped
waveguide and is also efficient for multilayer structures with anisotropic and nonlinear
materials. Mathematically, the FEM solves the boundary-value problem with the help
of either the variation formulation or the Galerkin method which is also a form of the
weighted residual method. The variation formulation is useful where a single parameter
such as mode effective index, resonant frequency or loss is evaluated. It is easy to imple-
ment and coupling with the perturbation analysis and least squares boundary residual
(LSBR) method are also possible. The matrices in variational approach are always sym-
metric which provides a significant reduction of computational complexities. Additionally,
it is easy to set-up the boundary conditions for different variational formulations. The
natural boundary condition for ~E and ~H-field based formulations are perfect magnetic
and electric wall, respectively. For ~E-field formulation, the natural boundary condition
i.e. perfect magnetic wall (PMW) needs to set-up whereas, the boundaries associated
with ~H-field based variational formulation are by default perfect electric wall (PEW).
Therefore, the arbitrary boundaries can be left free. On the other hand, the Galerkin
method may not easily satisfy the natural boundary conditions which demands a tedious
computational effort. Therefore, the variational formulation is more advantageous to
solve a wide range of electromagnetic problems. In this thesis, the 2D and 3D FEM have
been derived and implemented by using the vector variational formulation.
3.2 Full Vectorial Finite Element Method (FV-FEM)
The full-vectorial finite element method (FV-FEM) emerged as an efficient numerical
computation approach for solving varieties of complex waveguide and resonator problems
ranging from microwave to optical frequency. The fundamental steps to build up the
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analysis of any photonic model using FV-FEM can be listed as,
• Discretisation of computational domain of one’s interest into many smaller elements.
• Set-up an interpolating equation at each elemental nodes or boundaries to deter-
mine unknown parameter. It may be field or potential depending on the problem.
• Assembling the individual equation of discretised elements to form a global eigen-
value equation.
• Finally, post-processing of the eigenvalues and corresponding eigenvectors to obtain
desired unknown parameters.
3.2.1 2D and 3D Computational Domain Discretisation
The defined domain over which the FV-FEM can be applied needs to be discretised into
a large number of small sections, called elements. These elements can be chosen in
such a way that its shape and size matches closely with the geometry and the boundary
curvatures of the computational domain of interest. These small elements altogether
form a mesh that could be either regular or irregular. Compared to the regular mesh
distribution, the irregular mesh is more efficient in domain discretisation. Finer elements
can be accommodated in the regions of particular interest and coarse elements elsewhere.
Thus, irregular meshing provides greater accuracy over regular meshing. For photonics
computations, smaller mesh elements should be considered in the thin, narrow and
pointed regions where the electromagnetic fields vary rapidly. Whereas, in the areas
where the fields show a nearly constant distribution, a few elements might be sufficient
for computations. It is also very important to select the shape and size of the boundary
elements carefully so that those can match the complete boundary shape as far as
possible. Several elemental geometries can be followed such as straight edge elements,
iso-parametric elements, infinite elements, and edge elements. The straight edge elements
include the triangles, rectangular, and quadrilaterals for 2D domain and tetrahedrals,
prisms, bricks, and pyramids for 3D domains. These are mostly useful for the domains
with less curved boundaries. The iso-parametric or curvilinear elements have curvatures
on the edges and its nodal positional coordinates are defined by the transformation of
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Figure 3.1: Pascal triangle exhibits the relationship in between element node number
and term number in the shape function (N ei ).
the local Cartesian coordinate to the global curvilinear coordinates. These are useful for
the geometries with curved boundaries. Higher order elements are also applicable for
these types of element family. For an open space or unbounded photonics problem, the
infinite mesh elements can be very useful. The shape function for the infinite elements
decays exponentially in the directions where the field extends to the infinity [Rahman
and Davies, 1984a,b]. The edge elements precisely enforce the field continuity along
the element edge rather the nodes. Thus, these elements can successfully eliminate the
unwanted spurious solutions.
3.2.2 Set-up Interpolation Equations
Once the domain has been accurately discretised with suitable number of elements, it is
necessary to represent the element shape function in terms of the variational unknown
parameters. With the help of polynomial interpolation function also known as shape
function, any continuous function over the computational domain can be approximated.
The chosen function should have continuity within and across the boundaries of each
element. Without the continuity, the functions are not eligible for variational formulation
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Figure 3.2: (a) and (b) represent linear triangular and tetrahedral element for two-
dimensional and three-dimensional domain discretisation. The Q point is taken as any
arbitrary point inside the element of coordinate (x,y) for 2D and (x,y,z) for 3D.
and the electromagnetic field or potential cannot be calculated by summing up the
individual contribution of elements. For an unique shape function of a specific element,
the number of terms must be equal to the number of nodes in the element. The Pascal
triangular structure in Fig. 3.1 exhibits a nice graphical representation of the relation in
between the element node number and the number of terms in the polynomial for a 2D
domain discretisation.
Lagrange interpolation polynomials (Lei ) are introduced to construct shape functions
for the elements of different types. For a linear triangular (for 2D) and tetrahedral (for
3D) element these Lagrange polynomials are given by
Lei =
1
2Ae
[
aei +bei x+ cei y
]
(for 2D) (3.1)
Lei =
1
6V e
[
aei +bei x+ cei y+dei z
]
(for 3D) (3.2)
where Ae and V e are the area and volume of each of the 2D triangular and 3D
tetrahedral element, respectively. The subscript i denotes the element number and aei , b
e
i ,
cei , and d
e
i are the constant coefficients.
If we consider an arbitrary point Q inside a discretised element, as shown in Fig.
3.2, we can get sub-elements (sub-triangles from triangular and sub-tetrahedral from
tetrahedral element) from each element. Now, the area and volume of those sub-regions
can be expressed as follows,
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The area defined by the point Q and nodes 2 and 3 is
A1 = 12
∣∣∣∣∣∣∣∣∣∣∣
1 x y
1 x2 y2
1 x3 y3
∣∣∣∣∣∣∣∣∣∣∣
= 1
2
[(x2 y3− x3 y2)+ x (y2− y3)+ y (x3− x2)] (3.3)
Similarly, the volume defined by the point Q and nodes 2, 3, and 4 is
V1 = 13!
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 x y z
1 x2 y2 z2
1 x3 y3 z3
1 x4 y4 z4
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(3.4)
Re-utilizing those constant coefficients (aei , b
e
i , c
e
i ) the L
e
i functions for all the three nodes
of a triangular element can be defined as

Le1
Le2
Le3
=
1
Ae

A1
A2
A3
=
1
2Ae

ae1 b
e
1 c
e
1
ae2 b
e
2 c
e
2
ae3 b
e
3 c
e
3


1
x
y
 (3.5)
Here A1, A2, and A3 represent the area formed by the point Q and two opposite nodes.
A1 = area(Q,node 2,node 3)
A2 = area(Q,node 1,node 3)
A3 = area(Q,node 1,node 2)
(3.6)
The Lagrange functions depend on the choice of point Q in the element. Similarly, for a
3D tetrahedral element the Lagrange functions can be defined in a compact matrix form
as

Le1
Le2
Le3
Le4

= 1
V e

V1
V2
V3
V4

= 1
6V e

ae1 b
e
1 c
e
1 d
e
1
ae2 b
e
2 c
e
2 d
e
2
ae3 b
e
3 c
e
3 d
e
3
ae4 b
e
4 c
e
4 d
e
4


1
x
y
z

(3.7)
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Here V1, V2, V3, and V4 represent the volume section formed by the point Q and three
opposite nodes such as
V1 = volume(Q,node 2,node 3,node 4)
V2 = volume(Q,node 1,node 3,node 4)
V3 = volume(Q,node 1,node 2,node 4)
V4 = volume(Q,node 1,node 2,node 3)
(3.8)
For 2D and 3D elements, the Lagrange function depends on the elemental area and
volume, respectively. Thus, these functions are also called as area and volume coordinates
for 2D and 3D problems.
To formulate the shape function, first each node of the element (linear and quadratic
triangular and tetrahedral) are numbered, shown in the Fig. 3.3. For a 2D element, the
node numbers consist of three digits whereas, a 3D element has four digits. The number
of digit depends on the number of area or volume coordinates (or Lagrange functions)
required to define an element. For example, three area and four volume coordinates need
to define a 2D triangular and 3D tetrahedral element. The nodes 1, 2, and 3 of a linear
triangular element are numbered as (100), (010) and (001), respectively. Thus, the shape
function (N ei ) correlated with node i, can be expressed as [Silvester and Ferrari, 1996]
N ei =Q(1)p Le1 ·Q(1)q Le2 ·Q(1)r Le3 here (p+q+r) = n (3.9)
where p, q, r denote the individual digits of a node number and n denote corresponding
element order. For example, p, q, and r of node 1 in Fig. 3.3(a) have the values of 1, 0, and
0, respectively. Here the product of the sequence in Eq. 3.9 can be written in a generalised
form as
Q(1)x=p,q,rL
e
1 =
1
x !
x−1∏
m=1
(
Le1−m
)
when p > 0 (3.10)
here Q(1)0 is taken as 1. Thus, the relations between the shape functions and corresponding
Lagrange polynomials for a linear triangular element shown in Fig. 3.3(a) can be formed
with the help of the equations Eqs. 3.9 and 3.10 as
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Figure 3.3: Linear and quadratic elements with its node numbering scheme depending on
the element order. (a) and (b) depict the 2D triangular elements with linear and quadratic
configuration. (c) and (d) are the first and second order tetrahedral elements.

N e1 = Q(1)p=1Le1 ·Q(1)q=0Le2 ·Q(1)r=0Le3 = Le1
N e2 = Q(1)p=0Le1 ·Q(1)q=1Le2 ·Q(1)r=0Le3 = Le2
N e3 = Q(1)p=0Le1 ·Q(1)q=0Le2 ·Q(1)r=1Le3 = Le3
(3.11)
Similarly, for a 2D quadratic element shown in Fig. 3.3(b), the element order is n = 2 and
we can evaluate the shape functions as

N e1 = Q(2)p=2Le1 ·Q(2)q=0Le2 ·Q(2)r=0Le3 = Le1
(
2Le1−1
)
N e2 = Q(2)p=0Le1 ·Q(2)q=2Le2 ·Q(2)r=0Le3 = Le2
(
2Le2−1
)
N e3 = Q(2)p=0Le1 ·Q(2)q=0Le2 ·Q(2)r=2Le3 = Le3
(
2Le3−1
)
N e4 = Q(2)p=1Le1 ·Q(2)q=1Le2 ·Q(2)r=0Le3 = 4Le1Le2
N e5 = Q(2)p=0Le1 ·Q(2)q=1Le2 ·Q(2)r=1Le3 = 4Le2Le3
N e6 = Q(2)p=1Le1 ·Q(2)q=0Le2 ·Q(2)r=1Le3 = 4Le3Le1
(3.12)
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In a similar fashion, a three-dimensional domain can be discretised with first and
second order tetrahedral elements. The numbering scheme of those elements have shown
in the Figs. 3.3(c) and (d). The shape functions for those elements can also be written with
the help of Eqs. 3.9 and 3.10 as

N e1 = Q(1)p=1Le1 ·Q(1)q=0Le2 ·Q(1)r=0Le3 ·Q(1)s=0Le4 = Le1
N e2 = Q(1)p=0Le1 ·Q(1)q=1Le2 ·Q(1)r=0Le3 ·Q(1)s=0Le4 = Le2
N e3 = Q(1)p=0Le1 ·Q(1)q=0Le2 ·Q(1)r=1Le3 ·Q(1)s=0Le4 = Le3
N e4 = Q(1)p=0Le1 ·Q(1)q=0Le2 ·Q(1)r=0Le3 ·Q(1)s=1Le4 = Le4
(3.13)
In case of second order tetrahedral element, the shape function could be listed as

N e1 = Q(1)p=2Le1 ·Q(1)q=0Le2 ·Q(1)r=0Le3 ·Q(1)s=0Le4 = Le1
(
2Le1−1
)
N e2 = Q(1)p=0Le1 ·Q(1)q=2Le2 ·Q(1)r=0Le3 ·Q(1)s=0Le4 = Le2
(
2Le2−1
)
N e3 = Q(1)p=0Le1 ·Q(1)q=0Le2 ·Q(1)r=2Le3 ·Q(1)s=0Le4 = Le3
(
2Le3−1
)
N e4 = Q(1)p=0Le1 ·Q(1)q=0Le2 ·Q(1)r=0Le3 ·Q(1)s=2Le4 = Le4
(
2Le4−1
)
N e5 = Q(1)p=1Le1 ·Q(1)q=1Le2 ·Q(1)r=0Le3 ·Q(1)s=2Le4 = 4Le1Le2
N e6 = Q(1)p=1Le1 ·Q(1)q=0Le2 ·Q(1)r=1Le3 ·Q(1)s=0Le4 = 4Le1Le3
N e7 = Q(1)p=1Le1 ·Q(1)q=0Le2 ·Q(1)r=0Le3 ·Q(1)s=1Le4 = 4Le1Le4
N e8 = Q(1)p=0Le1 ·Q(1)q=1Le2 ·Q(1)r=1Le3 ·Q(1)s=0Le4 = 4Le2Le3
N e9 = Q(1)p=0Le1 ·Q(1)q=0Le2 ·Q(1)r=1Le3 ·Q(1)s=1Le4 = 4Le3Le4
N e10 = Q(1)p=0Le1 ·Q(1)q=1Le2 ·Q(1)r=0Le3 ·Q(1)s=1Le4 = 4Le2Le4
(3.14)
Once the domains are discretised with sufficient number of elements of one’s choice, any
unknown function ζ could be approximated at each node in terms of the node coordinates
and constant coefficients.
For 2D: ζei (x, y) = aei +bei xi+ cei yi where i = 1, 2, and 3 (3.15)
and
For 3D: ζei (x, y, z) = aei +bei xi+ cei yi+dei zi where i = 1, 2, 3, and 4 (3.16)
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Next, by solving the constant coefficients (aei , b
e
i , c
e
i , and d
e
i ) and the shape functions (N
e
i )
for the specific element, the unknown function (ζe) could be interpolated for an element as
ζe =
n∑
i
N ei ζ
e
i (3.17)
3.2.3 Vectorial Variational Formulation for Electromagnetism
The scalar formulation was first used with the finite element method (FEM) in 1960s
for electromagnetic waveguide problems. Although, it is adequate to solve quasi-TE,
quasi-TM or any waveguide problem downgraded to one dimensional problem, however,
it is inadequate for solving hybrid dielectric and plasmonic modes of anisotropic or
inhomogeneous or metal assisted two dimensional optical waveguides. In 1956, A. D.
Berk suggested several vectorial approaches to formulate the variational formulation
based on different electromagnetic field components and its combinations [Berk, 1956].
Generally, four different formulations can be considered, such as, Ez+Hz, ~E-field, ~H-
field and ~E+~H-field based formulations. Both the Ez and Hz fields are continuous at
the material interfaces. However, the Ez+Hz formulation ends with a non-standard
eigenvalue problem. Extra computational effort needs to convert it into conventional
standard form. As the ~E-field does not follow the continuity at the boundaries, the
boundary conditions need to implement externally in the ~E-field formulation. Among
them, the ~H-field formulation is the most favourable one because the ~H-field components
are naturally continuous at the material interfaces. Thus, no extra boundary conditions
need to be imposed for this formulation. On the other hand, the ~E+~H based formulation
results in six unknown field components compared to ~E and ~H-field formulations without
any extra benefits. With all benefits and numerical advantages, a full-vectorial ~H-field
formulation has been considered and modified for our studies. Vector formulation is
suitable for both isotropic and anisotropic materials as well as vectorial solutions for
electromagnetic wave propagation and determination of resonating modes of a three
dimensional resonator. Following [Berk, 1956], the vectorial variational formulation for
2D and 3D electromagnetic problems can be written as
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ω2 =
∫
A
(∫
v
)(
~∇× ~H
)∗ · ²ˆ−1 · (~∇× ~H) dA (dV )∫
A
(∫
v
)
~H∗ · µˆ · ~H dA (dV )
(3.18)
where ² and µ define the permittivity and permeability of the medium. Modifying the
formulation (Eq. 3.18) by using ² = ²0²r, µ = µ0µr, ²0µ0 = 1/c2, and k0 = ω/c gives
k20 =
∫
A
(∫
v
)(
~∇× ~H
)∗ · ²ˆr−1 · (~∇× ~H) dA (dV )∫
A
(∫
v
)
~H∗ · µˆr · ~H dA (dV )
(3.19)
here ²r and µr represent the relative permittivity and permeability of the medium, res-
pectively. c and k0 define the free-space light velocity and wavenumber of the propagating
wave, respectively. Eqs. 3.18 and 3.19 show the variational formulations suitable for
2D and 3D waveguides and resonator problems, respectively. The area (dA = dxdy)
and volume (dV = dxdydz) integrations have been considered for 2D and 3D cases,
respectively.
As the ~H field based full-vectorial approach is considered for variational formulation
thus, all three field components such as Hx, Hy, and Hz have been taken into account.
In cases of 2D and 3D formulations, the ~H field has been considered to be a continuous
function of x, y and x, y, z, respectively.
For 2D: ~H(x, y) =

Hx(x, y)
Hy(x, y)
Hz(x, y)
 (3.20)
and
For 3D: ~H(x, y, z) =

Hx(x, y, z)
Hy(x, y, z)
Hz(x, y, z)
 (3.21)
3.3 Two Dimensional FV-FEM
To determine the unknown ~H field distribution of a two dimensional computational
domain, first, one need to set-up an interpolation equation to determine approximate ~H
field components in a discretised element. Finite number of linear triangular elements
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have been considered for discretisation. Thus, the unknown field components (Hx, Hy,
and Hz) associated with the triangular shape functions (N1, N2, and N3) can be written
as:
Hex(x, y) =
[
N1 N2 N3
]

Hx1
Hx2
Hx3

e
(3.22)
Hey(x, y) =
[
N1 N2 N3
]

Hy1
Hy2
Hy3

e
(3.23)
Hez(x, y) =
[
N1 N2 N3
]

Hz1
Hz2
Hz3

e
(3.24)
here the superscript and subscript e indicate that those field components are related
with only one triangular element with three nodes, three shape functions and nine field
values. Hx i, Hy i, and Hz i describe the x, y, and z components of the magnetic fields at
each element node. Thus, the magnetic field vector [~H]e can be obtained as
[
~H
]
e
=

Hx(x, y)
Hy(x, y)
Hz(x, y)
=

N1 N2 N3 0 0 0 0 0 0
0 0 0 N1 N2 N3 0 0 0
0 0 0 0 0 0 jN1 jN2 jN3


Hx1
Hx2
Hx3
Hy1
Hy2
Hy3
Hz1
Hz2
Hz3

e
(3.25)
The j term in the shape function matrix is considered for the lossless cases where the
Hz field component is 90◦ out of phase with the transverse components. In a simplified
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manner, Eq. 3.25 could be written as[
~H
]
e
= [N]
{
~H
}
e
(3.26)
here the [N] defines the matrix form of the shape function and {H}e column vector
represent the nodal field values of three components in the triangular element.
Substituting Eq. 3.26 into the vector variational formulation in Eq. 3.19, the following
formulation occurs.
k20 =
∫
A
(
~∇× [N]{~H}e
)∗ · ²ˆr−1 · (~∇× [N]{~H}e) dA∫
A
(
[N]{~H}e
)∗ · µˆr · [N]{~H}e dA (3.27)
The cross product (~∇× ~H) factor in Eq. 3.27 could be written in matrix form as
(
~∇× ~H
)
=
(
~∇× [N]{~H}e
)
=

0 − ∂
∂z
∂
∂y
∂
∂z 0 − ∂∂x
− ∂
∂y
∂
∂x 0
 [N]
{
~H
}
e
= [Q]{~H}e (3.28)
The [Q] matrix is a product of [~∇×] and shape function [N]. This matrix multiplication
has been carried out and its elements are given in Appendix A. Considering [Q], the
simplified form of Eq. 3.27 can be written as
k20 =
∫
A
(
[Q]{~H}e
)∗ · ²ˆr−1 · ([Q]{~H}e) dA∫
A
(
[N]{~H}e
)∗ · µˆr · [N]{~H}e dA (3.29)
Now considering the property of conjugate transpose the simplification can be made as(
[Q]{~He}
)∗ = {~H}∗e [Q]∗ (3.30)
and (
[N]{~H}e
)∗ = {~H}∗e [N]∗ (3.31)
Substituting Eqs. 3.30 and 3.31 into variational form (Eq. 3.29) results in
k20 =
∫
A
{~H}∗e [Q]
∗ · ²ˆr−1 · [Q]{~H}∗e dA∫
A
{~H}∗e [N]
∗ · µˆr · [N]{~H}e dA
(3.32)
Considering the assumption that {~H}e and element shape function ([N]) is a real matrix,
the simplified variation formulation could be written in the form of a functional as
Fe(~H)=
∫
A
{~H}Te [Q]
∗ · ²ˆ−1r · [Q]{~H}edA−k20
∫
A
{~H}Te [N]
T · µˆr · [N]{~H}edA (3.33)
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Here the functional Fe(~H) describes the numerical errors that occurs due to domain
discretisation. T and ∗ denote the transpose and complex conjugate. By minimizing the
variational functional by ∂
∂{~H}e
Fe(~H) = 0, a stationary solution is obtained.
∂
∂{~H}e
[∫
A
{~H}Te [Q]
∗ · ²ˆ−1r · [Q]{~H}edA−k20
∫
A
{~H}Te [N]
T · µˆr · [N]{~H}e dA
]
= 0 (3.34)
or,
∂
∂{~H}e
[
{~H}Te
∫
A
[Q]∗ · ²ˆ−1r · [Q]dA{~H}e−k20{~H}Te
∫
A
[N]T · µˆr · [N] dA{~H}e
]
= 0 (3.35)
or,
∂
∂{~H}e
{~H}Te
∫
A
[Q]∗ · ²ˆ−1r · [Q] dA︸ ︷︷ ︸
[A]e
{~H}e−k20{~H}Te
∫
A
[N]T · µˆr · [N] dA︸ ︷︷ ︸
[B]e
{~H}e
 = 0 (3.36)
The two integral parts of the equation can be represented by two matrices, [A]e and [B]e.
Both of these matrices are real symmetric and they can be defined as
[A]e = ²ˆ−1r
∫
A
[Q]∗ · [Q] dA (3.37)
and
[B]e = µˆr
∫
A
[N]T · [N] dA (3.38)
Thus, Eq. 3.36 can be simplified as
∂
∂{~H}e
[
{~H}Te [A]e{~H}e−k20{~H}Te [B]e{~H}e
]
= 0 (3.39)
Two dimensional computational domain is divided into a number of triangular elements.
Thus, solving the vectorial variational formulation for a single element and then summing
up contributions of all elements, the Eq. 3.39 can be expressed as a compact global
eigenvalue equation as
[A]{~H}−k20[B]e{~H} = 0 (3.40)
here k20 defines the eigenvalue and {~H}, a column matrix represents an eigenvector of
corresponding eigenvalue. Elements of {~H} are the x, y, and z components of the vectorial
~H field. [A] and [B] are the global matrices can be derived by summing up all the [A]e
and [B]e element matrices as
[A] = ∑
e
[A]e =
∑
e
²ˆ−1r
∫
A
[Q]∗ · [Q] dA (3.41)
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and
[B] = ∑
e
[B]e =
∑
e
µˆr
∫
A
[N]T · [N] dA (3.42)
Detailed derivation of [A]e and [B]e matrix coefficients are shown in Appendix A.
3.3.1 Spurious Solutions: Direct Divergence Modified Approach
Presence of non-physical spurious solution is a disadvantage of the vectorial finite element
method. Scalar formulation is free from these spurious solutions as the operator is positive
definite. The vector variational formulation has already been shown in Eq. 3.19. It is
based on the Maxwell’s two curl equations. The Euler form of the above equation satisfies
the Helmholtz’s equation but that does not obey the Maxwell’s two divergence equations
automatically. Thus, the solution of this vector variational results in no-physical spurious
solution along with the true physical solutions.
Rahman and Davies proposed a successful way to remove the spurious solutions by
balancing the curl and divergence part with a penalty function approach [Rahman and
Davies, 1984b]. A global weighting factor close to the value of 1/n2e f f was considered to
incorporate the effect of the divergence equation, div ·~B = 0. In the penalty approach, the
value of
(
~∇· ~H
)
for each eigenvector is calculated over the waveguide cross-section and the
solution with a low value of
(
~∇· ~H
)
is considered as the real physical mode. Therefore, the
variational formulation has been modified by adding an additional integral part weighted
by a dimensionless penalty factor, p. The resulting modified variational expression can be
obtained as [Rahman and Davies, 1984b]
k20 =
∫
A
(
~∇× ~H
)∗ · ²ˆr−1 · (~∇× ~H) dA+ p∫
A
(
~∇· ~H
)∗ (
~∇· ~H
)
dA∫
A
~H∗ · µˆr · ~H dA
(3.43)
This method is highly efficient to determine the accurate solution of a wide range of
passive dielectric based waveguides with all positive dielectric constants. However, it is
inadequate for plasmonic waveguides modal solutions where the surface plasmons are
guided by the lossy metals. A more direct approach has been proposed in this thesis and
developed. In this new method, contributions of both positive and negative permittivity of
sub-domain based local materials are taken into account into the additional divergence-
divergence part. During global matrix formations of curl-curl and divergence-divergence
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sections, individual local dielectric constant of each discretised triangular element is
considered. Finally, the divergence modified functional can be written as
k20 =
∫
A
(
~∇× ~H
)∗ · ²ˆr−1 · (~∇× ~H) dA+∫
A
(
~∇· ~H
)∗
²ˆr
−1
(
~∇· ~H
)
dA∫
A
~H∗ · µˆr · ~H dA
(3.44)
The solutions of Eq. 3.44 provide the eigenvalues and corresponding eigenvectors. Imple-
menting this equation with 2D FV-FEM, several hybrid plasmonic complex waveguides
are designed and optimised accurately. Results and mode field distributions of those
waveguides have been shown and also discussed in Chapters 4, 5, and 6.
3.4 Three Dimensional FV-FEM
Full vectorial ~H-field based three dimensional FV-FEM starts from Maxwell’s two curl
equations based variational formulation same as 2D FV-FEM, as discussed in section
3.3. The 3D solution region or the complete device is discretised into a number of small
unstructured volumetric elemental domains. Firstly, the ~H-field within each element
is calculated and then interrelation of the field distributions with other elements are
followed such that the field becomes continuous across the inter-element boundaries.
~H =
n∑
e=1
He(x, y, z) (3.45)
where, n= number of tetrahedral elements inside the solution region. The ~H-field for a
single element can be derived from the total sum of the product of shape function vector
and field value at each node of the element.
~H(x, y, z)=
m∑
i=1
NiHe i(x, y, z) (3.46)
here m is number of nodes; He i represents the ~H-field at each node of the element and
Ni defines the shape function of a tetrahedral element. As the first order tetrahedral
element has been considered for the 3D FV-FEM, four vertices of the tetrahedron need to
be taken into account. Let the magnetic field values at the four nodal points (j=1,2,3,4)
be defined by He i j (i = x, y, z). Three components of the magnetic field vary linearly inside
the tetrahedral element. Thus, the field components can be presented in terms of shape
functions N j (j = 1, 2, 3, 4) and unknown field values (He i j) (i = x, y, z) at the respective
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nodes. We can formulate the magnetic field components at any arbitrary point inside the
tetrahedral element as
Hex =N1Hx1+N2Hx2+N3Hx3+N4Hx4
He y =N1H y1+N2H y2+N3H y3+N4H y4 (3.47)
He z =N1Hz1+N2Hz2+N3Hz3+N4Hz4
In a simplified manner
[~H]e i = [N]T
{
H i j
}
e (3.48a)
i = x, y, z and j = 1,2,3,4
where the shape function is
[N]=
[
N1 N2 N3 N4
]T
(3.48b)
and unknown field components in a matrix form as:
{
H i j
}
e =
{
H i1 H i2 H i3 H i4
}T
e
(3.48c)
where T denotes the transpose and e signifies an element. N1, N2, N3, N4 are shape
functions or interpolation functions and they are the function of volumetric coordinate
L1, L2, L3, L4 and also Cartesian coordinates (x, y, z).
N j = f (L1,L2,L3,L4)= f (x, y, z) (3.49)
where j = 1,2,3,4. . .
As the first order polynomial is considered for calculation, it is being assumed that all the
three field components vary linearly inside the an element. For the first order element,
the relation between shape function and volumetric coordinates as
N1 = L1 N2 = L2
N3 = L3 N4 = L4 (3.50)
42
CHAPTER 3. FINITE ELEMENT BASED FREQUENCY DOMAIN ANALYSES
We can rewrite the shape functions as
N1 =L1 = 16V [a1+a2x+a3 y+a4z] (3.51a)
N2 =L2 = 16V [a5+a6x+a7 y+a8z] (3.51b)
N3 =L3 = 16V [a9+a10x+a11 y+a12z] (3.51c)
N4 =L4 = 16V [a13+a14x+a15 y+a16z] (3.51d)
Taking 1/6V inside the brackets the equation sets (3.51d) can be written in a simplified
manner.
N1 =L1 = [b1+b2x+b3 y+b4z] (3.52a)
N2 =L2 = [b5+b6x+b7 y+b8z] (3.52b)
N3 =L3 = [b9+b10x+b11 y+b12z] (3.52c)
N4 =L4 = [b13+b14x+b15 y+b16z] (3.52d)
where b1, b2, . . . , b15, b16 can be evaluated in terms of x, y, and z coordinates of the
tetrahedron element. The set of Eq. 3.47 can be written in matrix form as

Hx
H y
Hz

e
=
[
N1 N2 N3 N4 0 0 0 0 0 0 0 0
0 0 0 0 N1 N2 N3 N4 0 0 0 0
0 0 0 0 0 0 0 0 N1 N2 N3 N4
]

Hx1
Hx2
Hx3
Hx4
H y1
H y2
H y3
H y4
Hz1
Hz2
Hz3
Hz4

e
(3.53a)
where
[N]=

{N} {0} {0}
{0} {N} {0}
{0} {0} {N}
 (3.53b)
and
{
~H
}
e
=

{Hx}{
Hy
}
{Hz}

e
(3.53c)
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In a simplified form the above equation can be expressed as
[~H]e = [N]T {H}e (3.54)
where [N] is the shape function represented by a 3×12 matrix and {H}e is the 12×1
column vector which represents the components of field, as shown above. The expression
for (~∇× ~He) can be written as
~∇× ~He =~∇× [N]T {H}e (3.55)
or,
~∇× ~He =

0 − ∂
∂z
∂
∂y
∂
∂z 0 − ∂∂x
− ∂
∂y
∂
∂x 0
 [N]T {H}e (3.56)
or,
~∇× ~He = [Q]Te {H}e (3.57)
where
[Q]Te =

0 − ∂
∂z
∂
∂y
∂
∂z 0 − ∂∂x
− ∂
∂y
∂
∂x 0

3×3
[
N1 N2 N3 N4 0 0 0 0 0 0 0 0
0 0 0 0 N1 N2 N3 N4 0 0 0 0
0 0 0 0 0 0 0 0 N1 N2 N3 N4
]
3×12
(3.58)
or,
[Q]Te =
 0 0 0 0 − ∂N1∂z − ∂N2∂z − ∂N3∂z − ∂N4∂z ∂N1∂y ∂N2∂y ∂N3∂y ∂N4∂y∂N1
∂z
∂N2
∂z
∂N3
∂z
∂N4
∂z 0 0 0 0 −
∂N1
∂x −
∂N2
∂x −
∂N3
∂x −
∂N4
∂x
− ∂N1
∂y −
∂N2
∂y −
∂N3
∂y −
∂N4
∂y
∂N1
∂x
∂N2
∂x
∂N3
∂x
∂N4
∂x 0 0 0 0

3×12
(3.59a)
or, in a compact form
[Q]Te =

{0}T −∂{N}T∂z ∂{N}
T
∂y
∂{N}T
∂z {0}
T −∂{N}T
∂x
−∂{N}T
∂y
∂{N}T
∂x {0}
T
 (3.59b)
and
[Q]e =

{0} ∂{N}∂z −∂{N}∂y
−∂{N}
∂z {0}
∂{N}
∂x
∂{N}
∂y −∂{N}∂x {0}
 (3.59c)
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where {0} denotes the zero or null vector. It is also noticeable that [Q]e and [Q]Te are the
real matrices.
Similarly the expression for the (~∇· ~H) is,
~∇· ~H =~∇· {N}T {H}e (3.60)
~∇· ~H = [R]Te {H}e (3.61)
where,
[R]Te =~∇· {N}T
(3.62)
[R]Te =
[
∂
∂x
∂
∂y
∂
∂z
]

{N}T {0} {0}
{0} {N}T {0}
{0} {0} {N}T

=
[
∂
∂x [ N1 N2 N3 N4 ]
∂
∂y [ N1 N2 N3 N4 ]
∂
∂z [ N1 N2 N3 N4 ]
]
=
[
∂
∂x [N]
T ∂
∂y [N]
T ∂
∂z [N]
T
]
(3.63)
and
[R]e =

∂
∂x {N}
∂
∂x {N}
∂
∂x {N}
 (3.64)
The vector variational functional for three dimensional electromagnetic problem is shown
in Eq. 3.19. As the variational formulation consists of Maxwell’s two curl equations, hence
their Euler equations follow the Helmholtz’s equation but do not necessarily satisfy
the divergence equation (div · ~B = 0). This causes the presence of unwanted spurious
solutions spread all over the eigenvalue spectrum along with the real physical modes.
Like the 2D FV-FEM, the appearance of spurious modes are also true for a 3D FV-FEM.
To avoid the spurious solutions, we followed the similar penalty method as reported in
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[Rahman and Davies, 1984b]. Thus, an additional functional has been introduced with a
weighting factor p in the full vectorial ~H-field based formulation as
k20 =
(ω
c
)2 =
∫
v
(
~∇× ~H
)∗ · ²ˆ−1r · (~∇× ~H) dV + p∫
v
(
~∇· ~H
)∗ · (~∇· ~H) dV∫
v
~H∗ · µˆr · ~H dV
(3.65)
where ²ˆr and µˆr are the relative permittivity or dielectric constant and permeability of
the medium, respectively. ω is the angular frequency, c is the velocity of light in vacuum
and p is the penalty term.
²r = ²
²0
(3.66a)
µr = µ
µ0
(3.66b)
c= 1p
²0µ0
(3.66c)
The functional becomes,
J(~H)=
∫
v
(
~∇× ~H
)∗
²ˆ−r
1
(
~∇× ~H
)
dV + p
∫
v
(
~∇· ~H
)∗ (
~∇· ~H
)
dV −k20
∫
v
~H∗µˆr~H dV (3.67)
The difference equation or the functional J(~H) can be stationary with help of Euler’s
equation. Therefore, δJ(~H) = 0 and it gives,
∫
v
(
~∇× ~H
)∗
²ˆ−r
1
(
~∇× ~H
)
dV + p
∫
v
(
~∇· ~H
)∗ (
~∇· ~H
)
dV −k20
∫
v
~H∗µˆr~H dV = 0 (3.68)
In the 2D finite element numerical scheme, it is assumed that the light is propagating
in the z-direction, hence, the operator ∂
∂z can be replaced by the term − jβ. On the other
hand, for the 3D resonating structures, variational expression calculates the resonant
frequencies and associated vectorial mode profiles of the cavity. Thus, the 3D finite
element numerical scheme do not have the restriction on the z-variation like 2D FV-FEM.
As a result, (~∇× ~H) produces the real matrix without having any β dependence. If we
simplify first part of the equation (3.68) with the help of one of the properties1 of matrix
1(AB)T =BT AT for any m×n matrix A and for any n× p matrix B. It is notable that the order of the
factors are reversed.
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transpose2, we can write,∫
v
(
~∇× ~H
)T
²ˆr
−1
(
~∇× ~H
)
dV =
∫
v
{H}Te
(
[Q]Te
)T
²ˆr
−1 [Q]Te {H}e dV
=²ˆr−1 {H}Te
∫
v
[Q]e [Q]
T
e dV {H}e
= {H}Te [A]e {H}e (3.69)
where,
[A]e = ²ˆr−1
∫
v
[Q]e [Q]
T
e dV (3.70)
is the element [A]e matrix and ²ˆr is the dielectric permittivity which is considered to be
constant in each element.
The second part of the equation can be simplified as,
p
∫
v
(
~∇· ~H
)T (
~∇· ~H
)
dV =p
∫
v
(
[R]Te {H}e
)T (
[R]Te {H}e
)
dV
=p {H}Te
∫
v
[R]e [R]Te dV {H}e
=p {H}Te [C]e {H}e (3.71)
where,
[C]e =
∫
v
[R]e [R]Te dV (3.72)
Similarly, the third part (denominator part) of the equation (3.68) can be simplified as,∫
v
~HTµ~H dV =µˆr
∫
v
{H}Te
(
[N]Te
)T
[N]Te {H}e dV
=µˆr {H}Te
∫
v
[N]e [N]Te dV {H}e
= {H}Te [B]e {H}e (3.73)
where, µˆr is the relative permeability of the medium. For optical mediums it is to be
assumed that the medium contains no magnetic source, hence µr is always equal to 1.
[B]e = µˆr
∫
v
[N]e [N]Te dV (3.74)
Since the volume domain is divided into a number of tetrahedral elements, hence by
summing the contributions of all tetrahedral elements inside the volume, the equation
2conjugate transpose of a real matrix means simply the transpose of that matrix.
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(3.68) can be expressed with the help of equations ( 3.69), ( 3.71) and ( 3.73) as an compact
eigenvalue equation same as 2D-FV-FEM
{H}T [A] {H}+ p {H}T [C] {H}−k20 {H}T [B] {H}= {0} (3.75)
or,
([A]+ p [C]) {H}−k20 [B] {H}= {0} (3.76)
The eigenvalue problem can be solved by using global matrices [A], [B], and [C] which
can be found by summing the contributions of all the element matrices [A]e, [B]e and
[C]e. An appropriate eigenvalue solver with subspace iterative scheme is used to solve
eigenvalues and eigenvectors of the above equation. The global matrices can be written
as,
[A]=
∑
e
[A]e =
∑
e
²ˆr
−1
Ñ
[Q]e [Q]
T
e dxdydz (3.77)
[B]=
∑
e
[B]e =
∑
e
µˆr
Ñ
[N] [N]T dxdydz (3.78)
[C]=
∑
e
[C]e =
∑
e
Ñ
[R]e [R]Te dxdydz (3.79)
The element matrix [A]e, [B]e, and [C]e have been evaluated. The evaluation steps and
the matrix coefficients are given in detail in Appendix B.
3.5 Boundary Conditions
Optical waveguides may have more than one material with multiple boundaries and
interfaces between different media. Thus, appropriate boundary conditions need to be
imposed in order to maintain the continuity of the electric and magnetic fields across the
material interfaces. As the optical waveguides and resonators are made up of dielectric
materials, one can assume that the surface charge and current to be zero. Therefore, the
electromagnetic boundary conditions can be obtained as
• The tangential component of the electric field must be continuous across the bound-
ary. If ~E1 and ~E2 illustrate the electric field vectors at side 1 and side 2, respectively
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of the material interface, then
nˆ×
(
~E1−~E2
)
= 0 (3.80)
therefore, ~E t1 = ~E t2
• The tangential magnetic field component must be continuous
nˆ×
(
~H1− ~H2
)
= 0 (3.81)
therefore, ~Ht1 = ~Ht2
• The normal component of electric flux densities must be continuous at the interface
nˆ ·
(
~D1−~D2
)
= 0 (3.82)
therefore, ²1~En1 = ²2~En2
~En1 6= ~En2
here ²1 and ²2 are the permittivity in medium 1 and 2, respectively and at the
material boundary, ²1 6= ²2.
• The normal component of the magnetic flux density must be continuous at the
interface
nˆ ·
(
~B1−~B2
)
= 0 (3.83)
therefore, µ1~Hn1 = µ2~Hn2
~Hn1 = ~Hn2
here µ1 and µ2 are the permeability of the medium 1 and 2, respectively. As most of
the optical media are non-magnetic, thus, µ1 = µ2 = 1.
Apart from these electromagnetic boundary conditions two more boundary conditions can
be imposed in practical waveguide and resonator problems.
• Perfect Electric Wall (PEW)
nˆ×~E = 0 or, nˆ · ~H = 0 (3.84)
PEW boundary condition signifies that the magnetic field vector ~H is forced to be
zero, hence disappear. The electric field ~E remains continuous at the boundary.
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• Perfect Magnetic Wall (PMW)
nˆ× ~H = 0 or, nˆ ·~E = 0 (3.85)
This means that the ~H field at the boundary is continuous and the ~E field is forced
to be zero. PEW and PMW boundary conditions are useful to take the advantages
of one-fold and two-fold symmetry of the waveguide structure.
At the closed boundaries of an optical waveguide, additional boundary conditions
are considered. In cases where the field decays at the boundary, the boundary can be
left free without imposing any extra condition. This is often called as natural boundary
condition. Whereas, in some cases, the boundary conditions are forced in order to exploit
the symmetry of the structure to obtain an accurate result with less computational
resources. These conditions can be classified as:
Homogeneous Dirichlet φ = 0 (3.86)
Inhomogeneous Dirichlet φ = k (3.87)
Homogeneous Neumann
∂φ
∂nˆ
= 0 (3.88)
here φ defines the electric and magnetic field component, k is a prescribed constant value,
and nˆ signifies the unit vector normal to the boundary surface. The Neumann boundary
condition represents the rate of change of the field when it is directed outwards to the
surface of the boundary.
3.6 Least Squares Boundary Residual (LSBR) Method
Design and optimisation of a complete photonic device demands an accurate way to
overcome the discontinuity problems at the waveguide junctions. Discontinuity could
occur in many cases such as butt-coupling of two waveguides of different width, height
or radius, tapered waveguide to couple with optical fibre for an efficient mode matching,
light coupling in bent waveguides and etc. Waveguide discontinuities can be treated in
many ways such as combination of FEM with method of lines (MoL) [Kawano et al., 1998],
least squares boundary residual method (LSBR) [Davies, 1973], FEM with analytical
approaches [Koshiba et al., 1982], and free space radiation method (FSRM) [Reed et al.,
50
CHAPTER 3. FINITE ELEMENT BASED FREQUENCY DOMAIN ANALYSES
Figure 3.4: Schematic diagram to show waveguide discontinuity at a junction.
1996]. However, in this thesis our study is focused on the LSBR in conjugation with
2D FV-FEM developed by Rahman and Davies [Rahman and Davies, 1988]. It is to be
noted that this method satisfies the boundary conditions in a least-squares sense over the
discontinuity interface.
Figure 3.4 illustrates a schematic diagram of the waveguide discontinuity due to
butt-coupling. It is assumed that the incoming incident wave is propagating through side
1 and it excites one mode of side 1 waveguide. A part of this wave reflects back to side
1 and some part is transmitted through side 2 waveguide. Due to boundary conditions,
many modes may occur at the discontinuity plane (z = 0). These modes either can be
guided or radiated in both sides of the discontinuity. Therefore, the transverse components
of the electric and magnetic fields in sides 1 and 2 can be expressed in terms of side 1 an
2 eigenmodes as follows
Es1t = E int +
∞∑
i=1
aiEs1ti (3.89)
Hs1t = H int −
∞∑
i=1
aiHs1ti (3.90)
Es2t =
∞∑
i=1
biEs2ti (3.91)
Hs2t =
∞∑
i=1
biHs2ti (3.92)
here the superscripts s1 and s2 represent the side 1 and 2 of the junction at z = 0. ai
and bi indicate the amplitudes of the ith order reflected and transmitted mode at side
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1 and side 2, respectively. The fields in Eqs. 3.92 can be truncated by considering the
finite number of modes as is convenient. In LSBR, a functional K can be formed with the
tangential fields. By minimizing that functional in a least squares sense satisfies the the
continuity of the tangential field at the discontinuity junction at z = 0. The functional is
of the form of
K =
∫
A
∣∣Es1t −Es2t ∣∣2+ p ·Z20 ∣∣Hs1t −Hs2t ∣∣2 dA (3.93)
here p and Z0 illustrate a dimensionless weighting factor and free-space wave impedance.
Application of the LSBR method demands that all the reflection, transmission, and
radiation fields should be determined in such a way that the functional becomes minimum.
This implies
∂K
∂ai
= 0; ∂K
∂bi
= 0; where i = 1 to ∞ (3.94)
This results a simple linear equation as
[C]{x} = [v] (3.95)
A standard matrix solver can be used to solve the Eq. 3.95. The solution gives an array, {x}
that contains the values of ai and bi. [C] defines a square matrix that can be generated
from the mode eigenvectors and [v] indicate an array depends on the incident mode. The
coefficients of the C and v matrices can be obtained as
Ci j = 〈E ti,E t j〉+ p ·Z20 〈Hti,Ht j〉 (3.96)
and
vi = 〈E int ,E ti〉+ p ·Z20 〈H int ,Hti〉 (3.97)
here i, j = 1 to N and the N defines the total mode numbers in side 1 and side 2. Braces
indicate the inner product which can be defined as
〈x, y〉 =
Ï
y∗ · x dxdy (3.98)
Employing the FV-FEM program on both sides of the waveguide junction one can
obtain the nodal ~H field values for each guided and radiation modes.The ~E field can
be obtained from derived ~H fields by applying the Maxwell’s equations. Next, all the
eigenmodes on both sides of the discontinuity could be used as input of LSBR method.
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LSBR forms the functional K as in Eq. 3.93 and minimises that (Eq. 3.94) with respect to
ai and bi for any given incidence. This results a linear equation as in Eq. 3.95. Solution of
that equation provides a column vector x containing unknown reflected and transmitted
coefficients of all modes considered for the analysis. In this section, the LSBR method has
been described and associating this method with the FV-FEM one can accurately obtain
the power transfer between coupled waveguides.
3.7 Perturbation Analysis for Waveguide Modal Loss
Waveguide modal loss is an important parameter that has to be taken into consideration
while designing an integrated photonic waveguide and device. Perturbation analysis is a
powerful method for modal loss calculation that can be incorporated with the FV-FEM
code for 2D and 3D structures with multiple material layers. This method can be applied
successfully to the waveguide structure with known analytical or numerical solutions. In
case of a lossy waveguide structure, the perturbation scheme can be implemented directly
once the unperturbed field distributions and phase constant values are obtained. It can
be derived either by approximating the solution using a series expansion or straight from
the variational formulation, if exists.
The perturbed phase constant β′ and field distributions (~E′ and ~H′) due to modal
loss could be approximated from the unperturbed phase constant β and field values (~E
and ~H) which are the solutions of similar optical waveguide with loss-free condition. The
attenuation constant, α of a waveguide due to material losses can be obtained as
α = PD
2P0
(3.99)
where PD is the dissipated power in the waveguide material and P0 defines the time-
averaged incident power flow. By considering the complex dielectric constant ²e of waveg-
uide material for each discretised sub-domain e, the attenuation constant (α) of the
complete waveguide can be expressed in terms of electromagnetic vectorial fields as
[Pantic and Mittra, 1986; Mirshekar-Syahkal and Davies, 1982]
α =
ω
∑
e
²re tan δe
∫
A
∣∣∣~E0∣∣∣2 dA
2 Re
∫
A
(
~E0× ~H∗0
)
· zˆ dA
(3.100)
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here tan δe defines the loss tangent of each sub-region defined by e as
tan δe = ²ie
²re
(3.101)
where ²ie and ²re represent the imaginary and real part, respectively of each sub-domain
or element. Therefore, the attenuation of the optical waveguide can be modified as
α =
ω
∑
e
²ie
∫
A
∣∣∣~E0∣∣∣2 dA
2 Re
∫
A
(
~E0× ~H∗0
)
· zˆ dA
(3.102)
here ω, zˆ illustrate the angular frequency and unit vector along z-axis, respectively. The
~E0 and ~H0 represent the unperturbed electric and magnetic field vectors, respectively
under loss-less condition. The summation is carried over all sub-domains. This pertur-
bation condition follows the assumptions that the unperturbed fields (~E0 and ~H0) under
loss-less condition remain unchanged even in presence of loss and the loss tangent has
very small value, i.e. ²ie ' ²re.
3.8 Summary
This chapter elaborates the theoretical overview of the two-dimensional and three-
dimensional full-vectorial finite element method in step-wise. A ~H-field based vector
variational formulation was considered in association with newly proposed divergence
modified approach. Although, earlier penalty approach is efficient to eliminate the spuri-
ous modes, however, the newly proposed direct divergence modified approach is highly
efficient to eliminate the unwanted non-physical modal solutions especially from the
eigenvalue spectrum of plasmonic waveguides. A three-dimensional FV-FEM and its
formulation steps also have been presented in detail. It can be used for the evaluation of
resonating frequency and resonating modes in a 3D cavity.
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MODAL ANALYSES OF INTEGRATED PHOTONIC WAVEGUIDES
4.1 Introduction
D
ifferent types of straight and bent waveguides are the basic building blocks
of a photonic integrated circuit (PIC). Depending on the applications, one
can exploits different design of dielectric, pure metallic, and hybrid waveg-
uides. Before finalizing the waveguide design for expensive fabrications it is necessary
to evaluate the light guiding property and guided mode area analyses of the waveguide.
Researchers have already designed and optimised different dielectric waveguides. One of
the commonly used dielectric waveguide is optical fibre which is widely used in telecom-
munication [Agrawal, 2012; Kaminow et al., 2010] to critical medical diagnosis [Hocde
et al., 2004; Mahadevan-Jansen et al., 1998; Utzinger and Richards-Kortum, 2003] and
even in real-time sensing [Chee et al., 2000; Ko and Grant, 2006; Grubsky and Feinberg,
2000; Masson et al., 2004] applications. Single and multi-mode fibres are perturbed with
Bragg [Hill and Meltz, 1997] and long period gratings [Bhatia and Vengsarkar, 1996;
James and Tatam, 2003] for gas [Gu et al., 2006], strain [Kersey et al., 1993], temperature
[Patrick et al., 1996], humidity [Yeo et al., 2008; Kronenberg et al., 2002; Konstantaki et al.,
2006], and water [Liang et al., 2005; Cusano et al., 2005] monitoring applications. Besides,
low index contrast fibres, silicon-on-insulator (SOI) based waveguides are of significant
interest because of its light guidance in a more confined manner. Similarly, plasmonic and
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hybrid plasmonic based waveguides have attracted a lot of interest because of its unique
light guidance mechanism and applications in nano-dimensioned integrated photonic
circuits. Before going into the depth of hybrid plasmonic based waveguide design, it is
highly necessary to have a detail knowledge of light guidance by only a metal nano-wire
surrounded by different dielectric materials.
In this section, our in-house divergence modified FV-FEM have been applied in
modal analyses of metal nano-wire at telecommunication wavelength of 1550 nm. A
detail investigation has been carried out for modal evolution of fundamental and higher
order surface plasmon modes for identical and non-identical clad metal nano-wire. Mode
evolutions depending on metal waveguide dimensions also have been analysed in detail.
A study on recent photonic waveguide related literatures show different definitions
of mode effective area are used for different waveguides. Lack of suitable definition of
effective area leads to confusions in waveguide design and analyses. In this section, we
have conducted a rigorous study to revisit the problem. Several mode effective area
formulations have been incorporated with in-house FV-FEM code and a range of different
waveguides such as optical fibre, Si ridge, vertical, horizontal slot, and hybrid plasmonic
slot have been studied in detail.
4.2 Modal Evolution of Metal Nano-wire by the
Divergence Modified FV-FEM Approach
A finite dimensioned silver (Ag) nano-wire embedded in a dielectric media is considered for
modal studies. Modal properties of any waveguide also depends on the cladding material
refractive indices. Thus, for rigorous studies two different cases have been considered
depending on the background materials,
• Ag nano-wire with identical cladding, where semi-infinite lower clad (substrate) and
upper clad (superstrate) have the same refractive index (nsubstrate = nsuperstrate)
• Ag nano-wire with non-identical cladding, with the lower and upper clads have
different refractive indices (nsubstrate 6= nsuperstrate).
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Figure 4.1: Real effective index (ne f f ) variation of the fundamental plasmonic ss0 mode
in an identical clad metal nano-wire (W = 1000 nm, t = 100 nm) with the FV-FEM mesh
size. The orange solid and purple dashed lines indicate the ne f f determined by the new
divergence modified FV-FEM and earlier penalty method, respectively. The insets (a), (c)
and (b), (d) show the 1D-line plot of the Hx field along y-axis of the ss0 mode (magnified
to the metal-dielectric interfaces) for a lower 300×300 (180,000 elements) and a higher
1000×1000 (2,000,000 elements) FV-FEM meshes, respectively.
Previously, some works on plasmonic bound and leaky modes for 1D planar lossy metal
film [Burke et al., 1986] and 2D waveguides have been reported by using semi-analytical
and numerical methods, such as reflection pole method [Zia et al., 2004], full-vectorial
finite element [Themistos et al., 1995] and finite difference method (FV-FDM) [Zia et al.,
2005]. Berini has also reported a modal study of a metallic waveguide using the Method of
Lines (MoL) [Berini, 2000, 2001]. In this set of work, a rigorous analysis of the plasmonic
modal evolutions and light guidance by a metal nano-wire surrounded by the high index
CMOS compatible dielectric material of refractive index around 3.5 has been carried out
by using our newly divergence modified dedicated in-house full-vectorial finite element
method (FV-FEM) at the widely-used communication wavelength, λ = 1550 nm. Accurate
field profiles of these supermodes have been presented and explained their evolution with
the help of mode effective area (MEA), particularly when its width is comparable to its
height. Throughout the simulation process the computational domain is discretised with
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Figure 4.2: Schematic diagram of dielectric clad metal nano-wire and its plasmonic mode
field profiles simulated by FV-FEM at 1550 nm. (a) Schematic diagram of a silver (Ag)
wire, (b)-(e) are the Hx field distributions of four plasmonic modes, ss0, as0, sa0, and
aa0, respectively and (f) is a higher order mode (sa1) guided the metal waveguide. Ag
nano-wire of width, W = 1000 nm and thickness, t = 100 nm are considered.
the 1,280,000 triangular elements (800×800 mesh) and a special care has been taken
in mesh distribution, so that the maximum element size was less than 0.2 nm around
the metal core to resolve the sub-wavelength light confinement at the metal-dielectric
interfaces and corners accurately. The efficiency and stability of the new divergence
modified FEM approach is tested for different mesh sizes. Figure 4.1 shows the real
effective index (ne f f ) variation with the mesh sizes. The ss0 fundamental mode (Fig. 4.2)
of the identically clad metal nano-wire of dimension 1000×100 nm2 is considered here
(discussed in detail in subsection 4.2.1). Results of the new modified approach, shown
by the orange solid line, shows a stable and monotonic convergence with the mesh. On
the other hand, the ne f f obtained by using the earlier penalty method [Rahman and
Davies, 1984b] shows a random nature (dashed purple line) with the similar meshes.
It can also be noted that the modified method results in higher ne f f values and also it
converges faster than the earlier method. Thus, the proposed method is more accurate and
converges faster. An acceptable result can easily be obtained by a lower 400×400 mesh
(320,000 elements) distributions. The insets (a) and (b) of Fig. 4.1 show the ss0 mode with
noise-free dip in the middle (metal), solved by using the modified method. Top left and
58
CHAPTER 4. MODAL ANALYSES OF INTEGRATED PHOTONIC WAVEGUIDES
right sided insets ((a) and (b)) are the simulated results using a coarser, 300×300 (180,000
elements) and a finer, 1000×1000 (2,000,000 elements) meshes, respectively. Lower left
and right sided insets (c) and (d) are the results of the same mesh distributions but with
the earlier penalty approach. The mode fields in (c) and (d) show the dip inside the metal
region but with considerable noise. However, with a very fine mesh (1000×1000), the field
noises reduced by some degrees at expenses of high computational cost and time. Thus,
the newly modified FV-FEM has not only successfully eliminated unwanted spurious
plasmonic modes with a monotonic and fast converging mode propagation characteristic
but also provides a clear and noise-free modal field profiles.
4.2.1 Metal Nano-wire with Identical Cladding
This waveguide structure contains a thin Ag metal strip surrounded by the semi-infinitely
extended dielectric material (nsubstrate = nsuperstrate), as shown in Fig. 4.2. When W
→∞ this structure is equivalent to a plasmonic slab waveguide. In case of W >> t, due
to high waveguide aspect ratio (W/t) the plasmonic modes formed at the top and bottom
metal-dielectric interfaces, however, when W is comparable to t, modes also form at the
vertical sides and also at all four corners. All these modes have dominant magnetic field
(Hx). In this section, we only studied the bounded plasmonic modes and followed the same
nomenclature as reported in [Berini, 2000, 2001] for SP modes. Symmetric (defined by
letter s) and asymmetric (defined by letter a) characteristics of modal profiles show four
different combinations for fundamental plasmonic modes and the superscript m denotes
the mode order number, such as, ss0, as0, sa0, and aa0 are four fundamental modes are
shown in Fig. 4.2(b) - (e). Here, the first and second letters identify the horizontal and
vertical variations, respectively. Higher order modes are defined by the number (m > 0)
of field lobes at the material interfaces, such as, sa1 in Fig. 4.2(f) with one Gaussian-like
bump on both sides of the metal wire.
4.2.1.1 Modal Dependencies on Wavelength and Surrounding Cladding
Materials
Initially, wavelength (λ) dependencies of four possible fundamental SP modes have been
studied, shown in Fig. 4.3. Two different metal widths (W) 1000 and 500 nm for a fixed
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Figure 4.3: Dispersions of different plasmonic modes with the operating wavelength (λ)
ranging from 633 nm to 1550 nm.
Figure 4.4: Normalised effective indices variations of plasmonic modes with the surround-
ing identical material. The solid and dotted lines indicate the variations for W = 1000 and
500 nm, respectively when t is fixed at 100 nm. The operating wavelength (λ) is fixed at
1550 nm.
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thickness, t = 100 nm are considered, shown by the solid and dotted lines, respectively. Ag
dielectric constant is strongly λ dependent and it can be determined by the Drude model
[Bohren and Huffman, 2008].
²Ag (λ) = ²r+ j²i = ²∞−
ω2p
ω (ω+ jωc)
(4.1)
where ²∞ is related with absorption peaks at very high frequency, ω>>ωc. The value
of ²∞ is taken as 3.1. ωc and ωp define the collision and plasma frequency. The collision
frequency (ωc) has the value of 0.031×1014 rad/s and the plasma frequency can be defined
as, ωp = ωp0 · e−AV (T0)·(T−T0)/2. ωp0 and AV define the plasma frequency at the ideal
temperature, T0 = 25 ◦C and thermal volume expansion coefficient of Ag with the value of
5.7×10−5 /◦C, respectively. However, wavelength dependent dielectric constant of Ag can
also be obtained by the Kramers-Kronig relation [Babar and Weaver, 2015] which agrees
well with the Drude model (Eq. 4.1). For these studies, we considered recent reported
Ag refractive index in [Babar and Weaver, 2015]. Besides, the substrate and superstrate
of the waveguide are considered to have same material with its refractive index value
of nsubstrate = nsuperstrate = 2 throughout the wavelength spectrum, ranging from 633
nm to 1550 nm. All the effective indices (ne f f ) curves for ss0, as0, sa0, and aa0 modes
shown in Fig. 4.3 tend to converge asymptotically to the surrounding refractive index
(ns = 2) with the increasing λ. The ss0, sa0, and aa0 modes are guided over a broad
wavelength spectrum range whereas, the as0 mode shows a rapid approach to cut-off.
The effective indices of sa0 and aa0 show almost similar ne f f values for W = 1000 nm.
However, with the decrement of waveguide width (W) these two modes start to separate
from each other. For a much lower width this separation becomes more prominent. Here,
we considered a waveguide with thickness, t = 100 nm but with a much lower width, W
= 300 nm, the corresponding mode effective indices of sa0 and aa0 diverge from each
other at higher λ and aa0 mode shows a much steeper asymptotic convergence to the
background index values. This implies that for lower W/t ratio, only the sa0 mode will
exist for further higher wavelengths. The ss0 mode profile shows a field transition, but not
shown here. At lower operating wavelengths, the ss0 mode supports distinct symmetric
field confinement at four nano-wire corners. That modal distribution is comparable with
sa0 mode, shown in Fig. 4.2(d) but with either all + or all - field values at the four corners.
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As λ increases, the ss0 field starts to evolve from four narrow corner spikes to the centre
of metal-dielectric interfaces so that the field makes a Gaussian-like distribution along
upper and lower interfaces, as shown in Fig. 4.2(b). This shows that at smaller λ, fields
are well confined, so weakly coupled and as a result more localised. No such sa0 and aa0
mode evolutions were observed over the wavelength range considered here. It can also be
noticed in Fig. 4.3 that at the lower operating wavelength region both the sa0 and aa0
modes have almost same refractive index thus those two modes are considered to be close
to each other. In this condition, the metal waveguide with its single mode operation could
be used for sensing applications.
Figure 4.4 depicts how strong all the four fundamental modes approach the back-
ground supported TEM modes with the reduction in refractive index value of surrounding
material, shown by the normalised effective index (ne f f /ns) variations. In these cases, the
wavelength is kept fixed at 1550 nm. Two different metal widths, W = 1000 and 500 nm
with same thickness, t = 100 nm have been considered, shown by the solid and dotted
lines, respectively. As the surrounding dielectric material refractive index decreases,
for all plasmonic modes not only their effective indices decrease but also normalised
effective index reduces and the mode fields spread more into the outer cladding region.
At a low index background, the modal effective indices approach the cladding refractive
index value and their modal cut-offs. The modes are then less bounded to the metal core
and mostly guided by the background dielectric cladding, which also reduce the mode
attenuation. Study shows that the fundamental as0 and a higher order sa1 mode for W
= 1000 nm only exist for a high index cladding (ns > 3.0) and approaches to the cut-off
faster than the other modes. The ss0 for both W = 1000 and 500 nm, reach to the cut-off
earlier than the sa0 and aa0 modes. For the background refractive indices lower than 1.7
and 2.0 for W = 1000 and 500 nm, respectively only sa0 and aa0 exist. With reduction
of metal W, the normalised effective indices of all the modes reach to the cut-off line i.e.
ne f f /ns = 1 faster, except for mode sa0 which did not converge to the cut-off line for the
surrounding material of refractive index even when reached that of the free-space. Other
aa0 mode approaches to cut-off for free-space cladding and there it evolves into back-
ground dielectric guided quasi-TEM mode with a very low modal attenuation (α
(
dB/µm
)
= 40piIm(ne f f )/λln(10)) of 1 dB/mm. However, all these behaviours described above are
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Figure 4.5: ne f f variations of plasmonic modes with metal width (W). The solid and
dashed lines indicate the variations for two different thickness, t = 100 and 40 nm,
respectively.
investigated at the operating wavelength of 1550 nm, and their modal evolutions with
the wavelength are shown in Fig. 4.3.
4.2.1.2 Modal Dependencies on Waveguide Dimensions
A rigorous study shows a strong SPP modal dependence with the structural parameters
(W and t) of the metal film. In both cases, it is being assumed that the finite metal film
is bounded by an identical medium, nsubstrate = nsuperstrate = 3.5. Variations of mode
effective index (ne f f ) with the W for two different t, 100 and 40 nm are shown in Fig.
4.5. The solid and dashed-dotted lines denote the modal ne f f variations for t = 100 and
40 nm, respectively. The ne f f of all modes (aa0, ss0, as0, and sa1) except sa0 decrease
with the reduction of W. For a large W, modes are well confined at the upper, lower and
corners of the metal-dielectric interfaces. Decrease of modal effective indices towards the
cladding refractive index indicates that the mode fields are less confined into lossy metal
core and mostly spread into background dielectric medium. These also result in lower
mode attenuation and consequently long modal propagation length (Lp = λ/4piIm(ne f f ))
which is defined as a waveguide length at which the SPP mode field decays by a factor of
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Figure 4.6: The main and inset figures show the mode propagation length (Lp) of different
SPP modes with metal width (W) for different thickness, t = 100 and 40 nm, respectively.
1/e, shown in Fig. 4.6. For a wider W, the symmetrical and asymmetrical fields of sa0 and
aa0 modes, respectively along x-direction are weakly coupled for a given thickness and
both the modes travel with almost same propagation constants. As W reduces, symmetric
corner fields of sa0 mode along x-direction are strongly coupled with each other and
the corner fields also spread all along the upper and lower interfaces. Thus, sa0 mode
gets more confined and its ne f f increases when W reduces. On the other hand, for the
aa0 mode, due to asymmetrical corner field distributions, fields cannot spread over the
metal-dielectric interfaces rather dispersed into cladding medium. Hence its ne f f shows
a steeper reduction towards background refractive index. These also indicates higher
and lower mode attenuations (α) for the sa0 and aa0, respectively (Fig. 4.6). Additionally,
with the reduction of t, the upper and lower interfaces come closer and the corner fields
show a strong coupling as a result both the sa0 and aa0 modes show an increase of ne f f ,
away from the background refractive index, shown in both Figs. 4.5 and 4.7. These also
correspond to the higher mode attenuations and lower Lp that can be seen in the Fig. 4.6
and inset of Fig. 4.7. The symmetric mode field distributions along x and y-axes show a
comparative low field confinement at the metal core rather mostly guided by the dielectric
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cladding. Thus, the ne f f of the ss0 decreases and approaches towards the cut-off with
reduction of both W and t (Figs. 4.5 and 4.7). At the cut-off, modes evolve to the cladding
supported quasi-TEM mode. Thus, its modal attenuation decreases and Lp increases as
it approaches towards cut-off, shown in Fig. 4.6 and inset of 4.7. Another fundamental
mode as0 (Fig. 4.2 (c)) with symmetric field along y-axis only exists for higher W (Fig. 4.5)
that approaches to cut-off early. This also results an increasing Lp (Fig. 4.6) with W as it
approaches its cut-off. This mode only exists for a limited range of t (do not exist for t < 50
nm, Fig. 4.7). This can also be observed in Fig. 4.7 where its ne f f and mode attenuation
decrease as the metal core thickness decreases. In this study, two fundamental modes ss0
and as0 show a much lower modal attenuation (α) of 2.4 dB/mm (W = 1000 nm and t = 15
nm) and 39.4 dB/mm (W = 1000 nm and t = 50 nm), respectively. Thus, it is expected that
these modes can provide long range stability which could be useful for plasmonic based
integrated optical applications. Besides the fundamental modes, we have also studied
two higher order modes. Their mode evolutions are more complex. The sa1 mode (Fig.
4.2(f)) sustains over higher range of W, shown in Fig. 4.6. Due to its asymmetric field
distribution along y-axis, the mode field gets more confined as t decreases. Thus, both of
its ne f f and α increase with the reduction of t (Fig. 4.7). Here aa2 is another higher order
mode with similar modal properties that only appears when metal layer is thinner. Some
of their modal properties can be seen in Figs. 4.5, 4.6, and 4.7.
4.2.2 Metal Nano-wire with Non-identical Cladding
Evolution of coupled plasmonic modes with truly 2D confinement, but with identical
cladding materials are shown above. However, in most practical cases, upper and lower
cladding materials can be totally different (nsuperstrate 6= nsubstrate), hence not only their
plasmonic modal profile will changes but also their phase matching condition. Thus, our
next study involves the evolutions of such modes and plasmonic supermode (PSM) for
non-identical clad metal nano-wire. Schematic of the structure is shown in Fig. 4.2(a)
but here a small index difference is considered with nsubstrate = 3.5 and nsuperstrate = 3.3.
The material with refractive index of 3.5 defines Si at the wavelength of 1550 nm. On
the other hand, a material having refractive index value of 3.3 is not practically possible
at that wavelength. However, for this theoretical study, we considered substrate and
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Figure 4.7: Plasmonic modal characteristics with metal nano-wire thickness (t) for a
fixed width, W = 1000 nm. The main plot shows the ne f f variations of all fundamental
higher order modes and the inset shows the corresponding modal propagation length (Lp)
variations against t.
superstrate materials with refractive indices of 3.5 and 3.3, respectively to emphasise
on the plasmonic supermode formation and its evolution due to small index difference in
the substrate and superstrate regions. Plasmonic mode evolutions due to a large index
difference in top and bottom cladding regions also studied in later section.
4.2.2.1 Asymmetric Modal Evolution with Nano-wire Thickness (t)
In this section, we report the evolution of bound fundamentals and PSMs with metal film
thickness (t) for two different widths (W). The modal ne f f and Lp variations with the t and
W are shown in the main and inset of Fig. 4.8(a). Three different plasmonic modes, such as,
a PSM and two fundamental modes (sa0 and aa0) were identical during the dimensional
changes of metal film. For identical bounding material a given mode at upper and lower
interfaces are always phase matched and they couple to form two complete symmetric and
antisymmetric SP mode. Similarly, identical modes on the left and right interfaces couple
to form SP modes. However, when the superstrate and substrate cladding materials are
not the same, identical mode order cannot couple as their phase velocities are different,
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Figure 4.8: SPP modal characteristics its evolutions with metal thickness (t) for a metal
nano-wire with a small index-difference (nsubstrate = 3.5 and nsuperstrate = 3.3) in the
cladding. The main and inset of (a) show the ne f f and Lp variations of long range
supermode, sa0 and aa0 modes for fixed W = 1000 nm and 600 nm shown by the solid and
dashed-dotted lines, respectively. The solid blue and dashed-dotted lines in (b) depict the
modal effective area (MEA) of supermodes for W = 1000 and 600 nm, respectively.
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Figure 4.9: (a), (b), and (c) denote the Hx field evolution of the long range plasmonic
supermode (PSM) for three different metal thickness, t = 100, 60, and 20 nm, respectively.
W is fixed at 1000 nm. The operating wavelength is kept fixed at 1550 nm.
but modes of different orders at upper and lower (or left and right) interfaces can couples
to form supermode but only when their propagation constants are similar. Here, the PSM
forms due coupling of ss0 and sa1 like modes that we had observed for identical clad
metal waveguide. With different t, it shows a clear evolution which occurs due to coupling
of individual upper and lower interface modes for a particular value of t. This PSM is
named in a slightly different manner for better understanding, such as ImL JK
m
U . The first
and third letters i.e. I and K indicate either symmetric (s) or asymmetric (a) horizontal
(along x) fields at the lower and upper interfaces with superscript m as the number of
intermediate localised field maxima or minima that occurs at these interfaces. The second
letter J also indicate either symmetric (s) or asymmetric (a) field distribution but along
vertical (along y) direction. A notable field evolution for the long range asymmetrical PSM
(smL as
m
U ) has been observed and its parameter variations are shown with metal thickness
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(t) for a fixed W = 1000 nm. Figures 4.9(a), (b), and (c) depict the Hx field profiles of that
PSM for t = 100, 60, and 20 nm, respectively. In Fig. 4.9(a) the substrate (lower) interface
field distribution exhibits two localised maxima at the corners and one minima at the
centre (s1) whereas the superstrate (upper) interface shows only two localised minima at
the corners (s0), which combined to form a s1Las
0
U PSM. Two different individual modes
at upper and lower interfaces have the same propagation constant (β) and together they
form the s1Las
0
U PSM for t = 100 nm. As t decreases modes at both the interfaces start
to interact as their coupling increases. The centre maxima at the top interface grows
gradually (Fig. 4.8(b)) due to a strong influence of the high index guided lower interface’s
s1 mode. Finally, at lower t = 20 nm, the upper field completely evolved due to strong
coupling and the metal waveguide shows a perfect sa1 mode, as shown in Fig. 4.2(f) which
could also be named as s1Las
1
U PSM, shown in Fig. 4.9(e). Its ne f f and Lp variations with
t for W = 1000 nm are shown by the solid black lines in the main and inset of Fig. 4.8(a),
respectively.
The light confined by the waveguide and surrounding media is determined by the
modal effective area (MEA). As the ~E and ~H fields in a plasmonic mode have significantly
different mode field profiles, we have followed the mode effective area calculation that
included the z-component of modal Poynting vector
Sz =
(
~E× ~H∗
)
· zˆ (4.2)
which considers the effect of both ~E and ~H fields as,
MEA =
(Î
Sz dxdy
)2Î
S2z dxdy
(4.3)
The mode effective area (MEA) variations (blue solid line in Fig. 4.8(b)) with t indicates a
clear modal evolution. At higher thickness, till t ' 25 nm, the upper interface s0 mode
evolves slowly whereas the s1 mode always maintain its form at lower interface. Here, in
the substrate with higher refractive index, the mode field localises more strongly than
the superstrate with a lower refractive index. The corresponding ne f f and MEA curves
maintain a continuous variation until t reaches around 25 nm. For the metal thickness, t =
25 nm the MEA shows the value of 0.22(λ2/4) µm2. At lower t, due to the strong coupling
between two interfaces and low index superstrate guiding the upper s0 mode evolves
69
CHAPTER 4. MODAL ANALYSES OF INTEGRATED PHOTONIC WAVEGUIDES
faster and when t < 25 nm, its ne f f shows a steeper increment away from the background
dielectric refractive indices. The PSM becomes more localised and well confined into
lossy metal core (Fig. 4.9(c)). Thus, its Lp and MEA decreases for a lower t. These PSM
characteristics with t for a small non-identical clad waveguide also correlates with the
combined behaviours of ss0 and sa1 modes for a symmetrical waveguide shown in Fig.
4.7. This proves that this PSM is a blended form of ss0 and sa1 modes at two interfaces.
For a lower W (600 nm), the PSM supported by a metal nano-wire evolves with the
variation of t, and show three different supermode formations, such as s1Las
1
U , s
1
Las
0
U ,
and s0Lss
0
U at different metal core thicknesses. The black and red dashed-dotted lines in
main and inset of Figs. 4.8(a) and (b) show the ne f f , Lp, and MEA variations with t for a
lower W = 600 nm, respectively. It can be observed that as t decreases the ne f f decreases
and reaches a minimum value (nearly reach the background refractive index). Below W =
600 nm the PSM approaches to their cut-off and in that case, fields are mostly guided by
the surrounding dielectric media. Lp variations also indicate the modal evolution and a
high Lp value is obtained for W = 600 nm. The 1D Hx field plot along x-axis of the PSM
for t = 100, 40, and 20 nm at the superstrate and substrate interfaces are shown in Fig.
4.10(a) and (b) by the green, red, and blue solid lines, respectively. Based on the MEA
and Lp variations with t, one can divide those curves into three distinct sections which
signify three different forms of the PSM. At lower t (20 nm), the blue field profiles at
upper and lower interfaces show the s1 distributions which couple to form a s1Las
1
U PSM.
This mode exists for t = 10 to ∼30 nm. As t increases, its ne f f reaches to a minimum value
at t = 48 nm and then further increases slightly. On the other hand, the Lp and MEA
both possess maximum values at that thickness value when ne f f shows its minima. This
low loss and high mode effective area indicate that the modal confinement was mostly
in the surrounding dielectric materials. The field profiles shown by the red lines at both
the interfaces indicate that a s1Las
0
U mode exists over a thickness region t from ∼30 to
50 nm. The MEA at these two metal thicknesses, t = 30 and 48 nm are 0.21 and 0.75
times of the diffraction limited mode area (λ2/4), respectively. Beyond that, both the Lp
and MEA decreases faster with increase of t. At t = 100 nm, the field variations shown
by the green lines at both interfaces show a completely transformed nature of the PSM.
The upper interface shows two symmetrical maxima at both the corners (s0) whereas
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Figure 4.10: Normalised Hx 1D field plot of the long range supermode for three different
thickness, t = 100, 40, and 20 nm, shown by the solid green, red, and blue lines, respectively.
Corresponding mode effective area (MEA) are shown in (b). The metal nano-wire width
(W) is fixed at 600 nm. The top (nsuperstrate = 3.3) and bottom (nsubstrate = 3.5) interfaces
field distributions are shown in sub-figures (a) and (b), respectively.
the bottom interfaces shows only one Gaussian distribution with field maxima at the
middle. These individual distributions at top and bottom interfaces combined to form a
s0Lss
0
U PSM. In short, with increase of t, the top corner maxima exist throughout but the
centre minima vanish gradually, and for the lower interface the centre maxima sustain
but corner minima disappear. For lower W (600 nm) the left and right interfaces interact
along with the upper and lower interfaces. Thus, the formed PSM shows evolution of field
distributions along all the four metal-dielectric interfaces in the both x and y-directions.
For the conditions studied above, the two other fundamental modes sa0 and aa0
did not show any modal evolutions. As t increases, its ne f f decreases in a rectangular
hyperbolic nature. Same ne f f and Lp variation indicates that both the modes propagate
with almost same propagation constant and have almost similar modal attenuation.
4.2.2.2 Asymmetric Modal Evolution with Nano-wire Width (W)
For a small cladding index difference, the width (W) dependent modal behaviours (ne f f
and Lp) of long rage PSM have also been studied for different t = 20, 40, 60, and 80 nm,
depicted by the black, blue, red, and green lines, respectively in Figs.4.11(a) and (b). The
PSM for t = 20 nm shows a distinct trend than other PSMs guided by a higher thickness.
These also prove the evolution of PSMs with metal waveguide geometrical dispersion as
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Figure 4.11: Variations of plasmonic supermode (PSM) parameters in non-identical clad
metal nano-wire with core metal width (W) for different fixed thickness, t = 20, 40, 60,
and 80 nm shown by the black, blue, red, and green lines, respectively. Variation of ne f f
and corresponding Lp variations with W are shown in sub-figures (a) and (b), respectively.
already discussed in the previous section. The ne f f of PSM for t = 20 nm presented in
Fig. 4.11, by a black line, shows a hyperbolic variation whereas other PSMs supported by
metal core of t = 40, 60, and 80 nm show an almost exponential decay to the surrounding
refractive index. For a thin metal core (t = 20 nm) both the upper and lower interfaces
provide a strong coupling that makes the mode field more localised and confined into
metal core. Influencing metal loss makes the modal attenuation high, yielding a smaller
Lp (Fig. 4.11(b)) than others. It is also noticeable in Fig. 4.11(a) that the modes with
thicknesses 40, 60, and 80 nm approach faster towards the background quasi-TEM mode
i.e. cut-off. However, this is not similar for the PSM supported by t = 20 nm as this is
appeared to be a completely different mode.
4.2.2.3 Asymmetric Mode Evolution Depending on Cladding Index
Differences
Besides the modal dependencies on the waveguide geometrical dimensions, the modal
variations with different non-identical cladding conditions also have been investigated.
The main and inset of Fig. 4.12 depicts the ne f f and Lp variations of different modes with
the variation of superstrate refractive index (S-RI). The substrate material refractive
index was fixed at 3.5 for these simulations. The solid and dashed lines indicate different
modes for t = 100 and 20 nm, respectively. The metal width was kept fixed at W = 1000
nm for both the thicknesses. The corresponding Hx field profiles of different guided modes
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Figure 4.12: ne f f and Lp variations of different plasmonic modes with superstrate refrac-
tive index (S-RI) shown by the main and the inset plots, respectively. The solid black, red,
blue, and purple lines indicate the PSM (s1Las
0
U ), sa
0, aa0, and sa1 variations with S-RI,
respectively for waveguide dimension, W = 1000 nm and t = 100 nm. The dashed black,
red, blue, and green lines and pink star denote the guided PSM, sa0, aa0, aa2, and ss0
modal characteristics with S-RI for dimension, W = 1000 nm and t = 20 nm.
at different conditions are shown in Figs. 4.13(a), (b), (c) and (d). The black, red, blue and
green dashed lines indicate the ne f f and Lp variations of supported PSM, sa0, aa0, and
aa2 modes, respectively for t = 20 nm, shown in main and inset of Fig. 4.12. The star
marker indicates a long range ss0 mode supported by this structure with attenuation
6.5 dB/mm only when the superstrate and substrate have the same refractive index 3.5.
Here mostly the electromagnetic energy was guided by the background dielectric media.
The black, red, blue, and purple solid lines depict the ne f f and Lp variations for PSM,
sa0, aa0, and sa1 modes, respectively for t = 100 nm, shown in main and top inset of
Fig. 4.12. The PSM (s1Las
1
U ) guided by the waveguide with t = 20 nm sustained over the
whole S-RI range and evolved into the sa1 as both the upper and lower cladding have
the identical refractive index, shown by the black dashed lines. On the other hand, the
PSM (s1Las
0
U in Fig. 4.13(c)) for t = 100 nm reached to cut-off much faster at S-RI = 2.8,
shown by the solid black lines. Thus, the PSM (s1Las
0
U ) supported by the t = 100 nm exists
for small index difference of the background, shows a much lower modal attenuation
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Figure 4.13: The Hx field distribution of different plasmonic modes of non-identical clad
plasmonic waveguide simulated by FV-FEM, (a) and (b) depict the sa0 and aa0 field
distributions for large index difference in the background (nsuperstrate = 1.0 and nsubstrate
= 3.5) for metal thickness, t = 100 nm, (c) and (d) show the field distributions of s1Las
0
U
PSM and aa2 when nsuperstrate = 3.0 and nsubstrate = 3.5 for metal thickness, t = 100 and
20 nm, respectively. Metal width (W) is fixed at 1000 nm.
and longer propagation length compared to the PSM that supported by t = 20 nm. With
identical background, this mode completely evolves into ss0 mode. The other two modes
sa0 and aa0 for t = 20 nm propagates with almost the same propagation constant with
S-RI variations. Besides, for t = 100 nm these two modes have different propagation
constants. The dominant Hx field profiles of these two modes (when nsuperstrate = 1.0 and
nsubstrate = 3.5) are shown Fig. 4.13(a) and (b), respectively. In case of a large cladding
index difference the modes are mostly guided by the substrate with higher refractive
index. A higher order mode aa2 (Fig. 4.13(d)) guided by t = 20 nm metal core shows its
cut-off at S-RI = 2.8. The sa1 (Fig. 4.2(f) like) and as0 (Fig. 4.2(b) like) modes are also
guided by t = 100 nm metal core for very small cladding index difference.
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4.3 Studies of Waveguide Mode Effective Area (Ae f f )
Depending on the material composition, optical waveguide family could be classified
into two broad categories, (1) dielectric waveguide and (2) plasmonic waveguide. Low
and high index contrasts are two main recipes in designing waveguides depending on
suitable photonic applications. Optical fibre has low index contrast whereas nano-wires
and slot based waveguides based on silicon-on-insulator (SOI) architecture shows high
index contrast. On the other hand, the plasmonic waveguide supports surface plasmons
generated due to the excitation of free electrons on the meta surface. Metal is high
lossy in light guiding. To overcome this limitation, a hybrid plasmonic waveguide can
be designed which consists of a clever design of dielectric materials with metal in a way
such that the guided wave is a hybrid combination of excited free electron and dielectric
guided electromagnetic wave, called surface plasmon polariton (SPP). Each of these
waveguides have an unique light guiding nature through their light-carrying regions. The
representation of the light-carrying region in transverse plane of the waveguide is defined
as the mode effective area (MEA = Ae f f ). It is an important parameter in determining
the field distributions in the waveguide. It also provide useful information about mode
shape, mode matching at junctions, bending, and bending losses. Besides, any nonlinear
phenomenon depends on the intensity (I) of the guided light in the nonlinear medium.
The average optical intensity (I) is related to the optical power (P) through the mode
effective area (Ae f f ) as
I = P
Ae f f
(4.4)
Thus, Ae f f is highly important for waveguide analyses and one should have a clear idea
about the specific definition for individual waveguide structure.
4.3.1 Different Definitions of Ae f f
Mode effective area (Ae f f ) is a frequency domain analysis to determine the transverse
mode profile distribution in the context of optical fibre and waveguides. It is very useful
for such waveguides where the 1/e2 of intensity approach for Gaussian beams is not
applicable due to its complex and irregular mode profiles or field distributions.
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Numerous numbers of literatures available where different Ae f f definitions have
been used for mode area analyses. In this study, we have accumulated various approaches
of Ae f f and applied each of them on low index contrast optical fibre to high index contrast
SOI slot waveguide even on hybrid plasmonic waveguide structure. A comparative study
has been organised with the help of our in-house divergence modified full-vectorial 2D
finite element method (FV-FEM). This would be helpful to decide the effectiveness of
each approach in determining the Ae f f of different waveguide structure. All the Ae f f
definitions used for the investigations have been short-listed in the following paragraphs.
4.3.1.1 Ae f f Based on Transverse Field Vectors
For optical fibres where slowly varying refractive index in the transverse plane results
in a weak light guidance, a well-known definition [Koshiba and Saitoh, 2003; Agrawal,
2001] of mode effective area is based on the transverse field vectors (~E t and ~Ht) as
AHte f f =
(Ï ∞
−∞
∣∣∣~Ht∣∣∣2 dxdy)2Ï ∞
−∞
∣∣∣~Ht∣∣∣4 dxdy (4.5)
and
AE te f f =
(Ï ∞
−∞
∣∣∣~E t∣∣∣2 dxdy)2Ï ∞
−∞
∣∣∣~E t∣∣∣4 dxdy (4.6)
here ~Ht =
√
H2x +H2y and ~E t =
√
E2x+E2y . The integrations are taken over the whole
cross-sectional area of the waveguide.
4.3.1.2 Ae f f Based on Scalar Field Components
Ae f f could be formulated depending on the transversely distributed dominant and non-
dominant single scalar field components such as f (x, y) = Hx, Hy and Ex, E y. The
generalised equation is of the form like,
A f (x,y)e f f =
(Ï ∞
−∞
| f (x, y)|2 dxdy
)2
Ï ∞
−∞
| f (x, y)|4 dxdy
(4.7)
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Thus, the definition of Ae f f depending on the scalar field f (x, y) = Hx is
AHxe f f =
(Ï ∞
−∞
|Hx (x, y)|2 dxdy
)2
Ï ∞
−∞
|Hx (x, y)|4 dxdy
(4.8)
For scalar field f (x, y) = Hy,
AHye f f =
(Ï ∞
−∞
∣∣Hy (x, y)∣∣2 dxdy)2Ï ∞
−∞
∣∣Hy (x, y)∣∣4 dxdy (4.9)
For scalar field f (x, y) = Ex,
AExe f f =
(Ï ∞
−∞
|Ex (x, y)|2 dxdy
)2
Ï ∞
−∞
|Ex (x, y)|4 dxdy
(4.10)
For scalar field f (x, y) = E y,
AE ye f f =
(Ï ∞
−∞
∣∣E y (x, y)∣∣2 dxdy)2Ï ∞
−∞
∣∣E y (x, y)∣∣4 dxdy (4.11)
Depending on the dominant and non-dominant fields, the corresponding A f (x,y)e f f could be
used. These formulations are specially useful for mode effective area evaluations of highly
polarisation dependent waveguides.
4.3.1.3 Ae f f Based on Longitudinal Component of Poynting Vector (~S(x, y))
In waveguide analysis, propagating and guided beam power is an important parameter
to determine the power associated with the guided beam in the z-direction. A guided
mode is always comprises of electric ~E(x, y) and magnetic ~H(x, y) fields. Thus, the power
confinement by the waveguide can be determined in terms of time-averaged z-component
of Poynting vector (Sz). In some waveguide design, the ~E and ~H field profiles may have
significantly different mode field distributions, thus, the Ae f f could be formulated with
the contribution of both ~E(x, y) and ~H(x, y) field components as
ASze f f =
(Ï ∞
−∞
Sz (x, y) dxdy
)2
Ï ∞
−∞
S2z (x, y) dxdy
(4.12)
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For a much localised field distribution, the maximum Sz value could be considered in the
Ae f f denominator instead of square of the Sz distribution all over the x-y plane. Thus,
the equation could be formulated as
ASZ|maxe f f =
Ï ∞
−∞
Sz (x, y) dxdy
max [Sz (x, y)]
(4.13)
where max [Sz (x, y)] defines the maximum value of the Sz in the transverse plane.
4.3.1.4 Ae f f Based on Energy Density (~U(x, y))
The modal effective area can be defined by the ratio of the total mode energy (Um) per
unit length and the peak energy density in the distribution as
AUmaxe f f =
Um
max [U(x, y)]
(4.14)
here U(x, y) defines the energy density per unit length in the direction of propagation.
It is a sum of electric and magnetic energy. Thus, for a dispersive medium the energy
density (U(x, y)) can be written as
U(x, y)= 1
2
[
d(ω ²)
dω
]∣∣∣~E(x, y)∣∣∣2+ 1
2
µ0
∣∣∣~H(x, y)∣∣∣2 (4.15)
and total mode energy (Um) is in the form of
Um =
Ï ∞
−∞
U (x, y) dxdy (4.16)
Substituting Eq. 4.15 and 4.16 into Eq. 4.14 the formulation of the modal effective area is
AUmaxe f f =
Ï ∞
−∞
U (x, y) dxdy
max [U(x, y)]
(4.17)
This formulation is mostly used for sub-wavelength plasmonic and hybrid plasmonic
waveguide analysis [Oulton et al., 2008].
Also, another form of the mode effective area (AUef f ) based on the waveguide energy
density (U(x, y)) without considering the localised maximum energy density, can be
written as
AUef f =
(Ï ∞
−∞
U (x, y) dxdy
)2
Ï ∞
−∞
U2 (x, y) dxdy
(4.18)
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4.3.2 Waveguide Modal Effective Area Analyses
In this section, mode effective area (Ae f f ) for different waveguide configurations have
been studied in detail. It is to be noted that various alternative definitions could be used to
define this single parameter, discussed in section 4.3.1. All these Ae f f definitions are incor-
porated with our in-house 2D FV-FEM code to determine the modal effective area (Ae f f )
values. Although, all the Ae f f definitions are correct but may have different compati-
bility depending on the waveguide structures and its dominant and non-dominant field
distributions. For a rigorous investigation, first a low-index contrast circular-symmetric
step-index optical fibre is considered. Later, SOI based vertical and horizontal waveg-
uides are considered as high-index contrast waveguides. Finally, a metal assisted hybrid
plasmonic waveguide is considered to investigate the effectiveness of different definitions
of Ae f f . Results has been shown in the following sections.
Figure 4.14: Schematic cross-section of the step index circular optical fibre.
4.3.2.1 Optical Fibre
A low index contrast step-index optical fibre with Ge-doped core and silica clad is con-
sidered at the operating wavelength, λ = 1550 nm. The core and clad refractive indices
at this wavelength are ncore = 1.4508 and nclad = 1.4440, respectively. The schematic
cross-section of the fibre is shown in Fig. 4.14. A two-fold symmetry is exploited during 2D
FV-FEM modal solutions which provides better accuracy with less computation resources.
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Figure 4.15: Mode effective area (Ae f f ) and effective index (ne f f ) variations with fibre
core radius (R).
Its quasi-TE and TM modes have identical modal profiles, so only the dominant quasi-TE
mode is considered here. The effective index (ne f f ) and mode effective area (Ae f f ) against
fibre core radius are shown in Fig. 4.15. Variation of ne f f is shown by the black solid line.
It represents that the ne f f gradually reduces with the reduction of fibre core radius (R).
Several Ae f f definitions have been considered to determine the Ae f f for different core
radii. The spot-size (SPZ) of a fibre mode is defined as the waveguide area where the field
intensity falls 1/e times to its maximum value. The SPZ variation with core radii has been
shown in blue dashed-dotted line. The AHte f f , A
E t
e f f , A
Sz
e f f , and A
U
ef f determined by using
Eqs. 4.5, 4.6, 4.12, and 4.18 have been shown by the green dotted, yellow dashed-dotted,
green dashed, and blue solid lines, respectively. All these Ae f f values show a perfect
overlap with the variation of core radii because ~Ht, ~E t, dominant ~H, dominant ~E, and Sz
field profiles are identical for low index contrast waveguides. As for low index guides, these
profiles are identical. It is to be noted that, Ae f f s and SPZ decrease monotonically with
the reduction of core radius but as the cut-off region approaches, they start to increase
again. Although, AHte f f , A
E t
e f f , A
Sz
e f f , and A
U
ef f curves determined by Eqs. 4.5, 4.6, 4.12, and
4.18, respectively and the SPZ curve have slightly different values but they intersect at
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Figure 4.16: (a), (b), and (c) depicts the Hy field profile of the quasi-TE mode and its
Gaussian fitting profile shown by solid blue and dashed red lines, respectively. Insets are
showing the fundamental 2D mode field distributions.
radius, R = 4.5 µm which is the core radius of a single mode fibre (SMF). This difference
is due to different mode field profiles when the core radius is varied. Often, it may be
assumed that the mode profile is Gaussian in nature but this is not strictly true. Quasi-TE
Hy field profile for three different core radii, R = 2, 4.5, and 10 µm have been shown in
Fig. 4.16(a), (b), and (c), respectively. The actual field profile is shown by blue lines and
its equivalent Gaussian profiles are shown by red dashed lines. Insets show the 2D mode
field distributions for those three fibre radii. As we already mentioned that the Ae f f s and
SPZ became identical at R = 4.5 µm when the field profile very closely follows a perfect
Gaussian profile shown in Fig. 4.16(b). However, for a fibre of radius smaller than 4.5 µm
(shown here for R = 2 µm), the mode field decays slowly in the cladding region than its
equivalent fitted Gaussian profile, shown in Fig. 4.16(a). On the other hand, for a core
radius greater than 4.5 µm, the cladding field decays much faster than its fitted Gaussian
profile, shown in Fig. 4.16(c). Besides, the Ae f f s determined by Eqs. 4.13 and 4.17 using
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Figure 4.17: (a) and (b) show the schematic cross-section of the rectangular silicon (Si)
ridge waveguide and its refractive index profile, respectively. (c) and (d) represent the
FV-FEM simulated quasi-TE E y and Sz field profiles, respectively.
the maximum values again show a perfect overlap are presented by the magenta and
red dashed lines, respectively. Thus, mode effective area by different approaches such
as AHte f f , A
E t
e f f , A
Sz
e f f , and A
U
ef f are only acceptable for optical fibres where the mode field
follows the Gaussian shape. On the other hand, the Ae f f s determined by Eqs. 4.13 and
4.17 does not intersect with SPZ values and yields a significant smaller value. Therefore,
for low index contrast optical fibre mode area analyses these two Ae f f definitions related
to maximum intensities are not acceptable.
4.3.2.2 Silicon Ridge Waveguide
A rectangular silicon (Si) ridge waveguide surrounded by silica (SiO2) clad is considered
as an high index contrast waveguide. Figure 4.17(a) and (b) depict the schematic cross-
section and refractive index profile of the waveguide. Si ridge can be fabricated using
silicon-on-insulator (SOI) wafer. The ridge can be formed by etching down the Si layer to
SiO2 buffer layer. The Si ridge is buried under SiO2. The refractive index of the Si (nSi)
core and SiO2 (nSiO2) clad have been taken as 3.4757 [Li, 1980] and 1.4440 [Malitson,
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Figure 4.18: Quasi-TE Hy, Ex, and Sz profiles of the Si ridge (WSi = 400 nm, HSi = 220
nm) waveguide along x and y axes passing through the centre of the waveguide. (a), (c),
and (e) present the fields along x-axis; (b), (d), and (f) present the fields along y-axis.
Figure 4.19: Effective index (ne f f ) variation of the Si ridge waveguide with Si core width
(WSi) and height (HSi), shown by the red and black solid lines, respectively. For WSi and
HSi variation the HSi and WSi was kept fixed at 220 and 350 nm, respectively.
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Figure 4.20: (a) and (b) depict the different Ae f f variations with WSi. Si ridge height
(HSi) is kept fixed at 220 nm.
Figure 4.21: (a) and (b) depict the different Ae f f variations with HSi. Si ridge width (WSi)
is kept fixed at 550 nm.
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1965], respectively at wavelength, λ = 1550 nm. Such a large difference in core and clad
provides a high index contrast which results in most of the light guidance through high
index core (Fig. 4.17(b)). Dominant Ex field and Sz intensity profiles of the fundamental
quasi-TE mode of the waveguide are presented in Fig. 4.17(c) and (d), respectively. Figures
4.18(a), (c), and (e) present the normalised Hy, Ex fields, and Sz intensity distributions,
respectively along x-axis and (b), (d), and (f) depict the same but along y-axis passing
through the centre of the waveguide. As the Hy field is continuous across the material
interface, it shows a continuous distribution along x and y axes. The normal component of
the ~E field has discontinuity at the material interface. Thus, a part of the Ex field shows
a noticeable field enhancement at the left and right side edges of the Si ridge. Besides,
the Sz distribution shows a high confinement in the Si core as the Hy is continuous at
the material interfaces and also a dominant magnetic field component of the quasi-TE
mode. Small discontinuities at the side edges (Fig. 4.18(e)) are due to the influence of the
Ex field of the quasi-TE mode.
For a commercially available SOI wafer, generally the thickness of the Si layer is 220
nm. In this investigation, initially the Si ridge height/thickness (HSi) is kept fixed at 220
nm and different mode effective area definitions such as AHte f f , A
Hy
e f f , A
E t
e f f , A
Ex
e f f , A
Sz
e f f ,
AHz|maxe f f , A
U
ef f , and A
Umax
e f f have been utilised to calculate the mode effective area (Ae f f )
with the variation of ridge width (WSi). The effective index variation of the waveguide
with WSi has been shown in Fig. 4.19 by red solid line. As the WSi is increased, the quasi-
TE ne f f increases rapidly and get saturated for higher WSis. As WSi decreases, ne f f also
decreases and gets closer to the refractive index of SiO2 where the mode reach to its
cut-off. The Ae f f variations with WSi are shown in Fig. 4.20. Only the fundamental quasi-
TE mode is considered here for the analyses. It can be observed that all the Ae f f values
shown in Fig. 4.20(a) and (b) decreases to a minimum value as WSi reduces and with the
further reduction, the Ae f f s show rapid increment as the mode approaches its cut-off.
As expected, AHte f f , A
Hy
e f f and A
E t
e f f , A
Ex
e f f show similar variation with very close values.
The AHye f f and A
Ex
e f f have the minimum values of 0.0921 and 0.1455 µm
2 at WSi = 350
and 500 nm, respectively whereas the AHte f f and A
E t
e f f have the minimum values of 0.0969
and 0.1494 µm2 which show slightly higher values. Both the AHte f f and A
Hy
e f f shows very
close variation and a minimum effective area at the same WSi = 350 nm. The minimum
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mode effective area indicates that the mode is more confined at that condition. The AHte f f
and AE te f f approaches include both the dominant and non-dominant field components.
Thus, the slightly higher values of AHte f f and A
E t
e f f are due to the influences of the added
non-dominant field component. Figure 4.20(a) also includes the ASze f f variation which
shows a minimum effective are of 0.1035 µm2 for WSi = 400 nm. These A
Sz
e f f values
are much closer to that of the AHte f f and A
Hy
e f f formulae. Figure 4.20(b) shows the A
Sz
e f f ,
ASz|maxef f , A
U
ef f , and A
Umax
e f f variations against WSi. The minimum values of A
Sz
e f f , A
Sz|max
ef f ,
AUef f , and A
Umax
e f f are obtained as 0.1035, 0.0492, 0.1179, and 0.0606 µm
2 for the WSi
values of 400, 360, 390, and 360 nm, respectively. ASze f f and A
U
ef f show close variations
but the AUef f presents higher effective area values compared to A
Ht
e f f , A
Hy
e f f , and A
Sz
e f f .
Besides, both the ASz|maxE f f and A
Umax
e f f formulae are based on localised maximum Sz and
U values, thus have the lowest and close value of the mode effective areas (0.0492 and
0.0606 µm2, respectively) at the same WSi = 360 nm. A
Ht
e f f , A
Hy
e f f , and A
Sz
e f f exhibit close
variations and lower effective area than the AE te f f and A
Ex
e f f definitions. Therefore, A
Ht
e f f ,
AHye f f , and A
Sz
e f f provides satisfactory mode effective area.
Next, the Si ridge height (HSi) is varied keeping the ridge width (WSi) fixed at 550
nm. The HSi is varied from 150 nm to 600 nm such that the waveguide structure only
confine the dominant quasi-TE mode. The ne f f variation with HSi is shown in Fig. 4.19
by black line. As the HSi decreases, the ne f f reduces towards its substrate refractive
index i.e. the fundamental quasi-TE mode approaches to its cut-off. Figure 4.21(a) and
(b) show the mode effective area variations against HSi. Results of A
Ht
e f f , A
Hy
e f f , A
E t
e f f , and
AExe f f have been shown in Fig. 4.21(a) and Fig. 4.21(b) contains the results of A
Sz
e f f , A
Sz|max
e f f ,
AUef f , and A
Umax
e f f . All effective area definitions except A
Umax
e f f reduces with the decrement
of HSi to a minimum value and then increases with further reduction of HSi as the mode
approaches towards cut-off. AUmaxe f f do not follow the previous trend. It shows a continuous
Ae f f decrement with HSi. The minimum values obtained for A
Ht
e f f , A
Hy
e f f , A
E t
e f f , A
Ex
e f f ,
ASze f f , A
Sz|max
e f f and A
U
ef f are of 0.1226, 0.1174, 0.1494, 0.1463, 0.1199, 0.0598, and 0.1264
µm2 at HSi = 200, 200, 220, 220, 200, 160, and 160 nm, respectively. A
Ht
e f f , A
Hy
e f f , and
ASze f f closely follow the same trend and have their minimum value at a same HSi = 200
nm.
In Si ridge waveguide, the guided mode spreads beyond the high index core region
86
CHAPTER 4. MODAL ANALYSES OF INTEGRATED PHOTONIC WAVEGUIDES
Figure 4.22: (a) and (b) show the schematic cross-section of a SOI based vertical slot
waveguide and its refractive index profile, respectively. (c) and (d) represent the FV-FEM
simulated quasi-TE Ex and Sz field profiles, respectively.
and its mode shape also depends on the waveguide dimensions. Here the guided mode
field is not localised rather distributed over a certain region. In this investigation, AHte f f ,
AHye f f , and A
Sz
e f f results correlate with each other in both WSi and HSi variations of the
ridge. Although, ASz|maxe f f and A
Umax
e f f have shown the lowest Ae f f values but these formulae
could be more effective in cases of localised light confinement but may not be suitable for
Si nano ridge waveguide. Thus, the mode effective area determined by Eqs. 4.5, 4.9, and
4.12 are more appropriate and useful for high index contrast nano-ridge waveguide mode
analyses.
4.3.2.3 Vertical Slot Waveguide
Figure 4.22(a) shows the usual configuration of a vertical slot waveguide. In this case, the
slot section is formed by two adjacent high index contrast Si slab waveguides of refractive
index, nSi = 3.4757. The slot can be filled with low index air, SiO2, nonlinear organic
materials, polymers depending on the applications. In this study, the slot is filled with
SiO2 and also the complete waveguide structure is covered by SiO2 clad of refractive
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Figure 4.23: Quasi-TE Hy, Ex fields and Sz intensity distribution of a SOI based vertical
slot waveguide (WSi = 210 nm, HSi = 220 nm, and Wslot = 100 nm) along x and y axes
passing through the centre of the waveguide. (a), (c), and (e) show the distributions along
x-axis; (b), (d), and (f) show the distributions along y-axis.
index, nSiO2 = 1.4440. The refractive index profile of the waveguide along x is shown Fig.
4.22(b). It can be fabricated with commercially available SOI wafer where a resist mask
with a slot configuration can be used on top of Si light guiding layer and the unwanted
Si layer may be etched down to the SiO2 buffer layer to form two adjacent Si slabs and
the slot region simultaneously. According to the electromagnetic boundary conditions,
the tangential electric (~E) and magnetic fields (~H) to be continuous across the interface.
It also demands normal component of ~H to be continuous. As it is considered that the
permeability of dielectric materials is 1 (constant), this component also becomes continu-
ous. However, as permittivity is different across the dielectric interface, the continuity
of the electric flux density (~D) would results in discontinuity of the normal component
of the electric-field (~E) at the material interface. This gives rise to an enhancement of
the normal component of ~E in the low index slot than the high index Si cores. This high
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Figure 4.24: SOI based vertical slot effective index (ne f f ) variation with Si slab width
(WSi) for a fixed Si slab height (HSi) and slot width (Wslot) of 220 and 100 nm, respectively.
power confinement could be exploited for designing various sensing and nonlinear devices.
In this section, the slot is considered to be placed vertically, thus Ex field would have dis-
continuity across the interface and being the dominant component of quasi-TE mode, this
polarisation state would guide higher power in the slot region. This makes this waveguide
highly polarisation dependent. In-house 2D FV-FEM is used for modal analyses and the
Figs. 4.22(c) and (d) depict the Ex field and Sz intensity component of the quasi-TE mode
which concentrates mostly in the low index slot region rather than high index Si cores.
Figure 4.23(a) - (f) depict the normalised Hy, Ex fields, and Sz intensity variations along
x and y axes passing through the centre of the waveguide. Hy field mostly confines in
the Si cores also with a less confinement in the slot (Fig. 4.23(a)). On the other hand,
Ex shows an enhanced field confinement in the slot due to its discontinuous nature (Fig.
4.23(c)). Sz intensity distribution (Fig. 4.23(e)) follows a similar trend that of the Ex as
this component is the product of Ex and Hy profiles. All these fields and intensity have a
quasi-Gaussian type distribution along y-axis (Fig. 4.23(b), (d), and (f)).
Figure 4.24 presents the effective index (ne f f ) variation of the SOI based vertical slot
waveguide with the Si slab width (WSi) keeping Si height (HSi) and slot width (Wslot)
fixed at 220 and 100 nm, respectively. It can be seen that for higher WSi the slot ne f f
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Figure 4.25: (a) and (b) depict the mode effective area variations by different approaches
such as AHte f f , A
Hy
e f f , A
E t
e f f , A
Ex
e f f , A
Sz
e f f , A
Sz|max
e f f , A
U
ef f , and A
Umax
e f f against WSi. The HSi and
Wslot are kept fixed at 220 and 100 nm, respectively.
Figure 4.26: SOI based vertical slot effective index (ne f f ) variation with slot width (Wslot)
for a fixed Si slab height (HSi) and width (WSi) of 220 and 200 nm, respectively.
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Figure 4.27: (a) and (b) depict the mode effective area variations by different approaches
such as AHte f f , A
Hy
e f f , A
E t
e f f , A
Ex
e f f , A
Sz
e f f , A
Sz|max
e f f , A
U
ef f , and A
Umax
e f f against Wslot. The HSi
and WSi are kept fixed at 220 and 200 nm, respectively.
shows higher values indicates that the light is mostly guided by the high index Si slabs.
On the other hand, lower WSi results in light guidance by slot and also corresponding
ne f f is much closer to the surrounding refractive index i.e. cut-off. Figure 4.25(a) and
(b) depicts the mode effective area variations by different definitions such as AHte f f , A
Hy
e f f ,
AE te f f , A
Ex
e f f , A
Sz
e f f , A
Sz|max
e f f , A
U
ef f , and A
Umax
e f f as a function of WSi for a fixed HSi = 220 nm
and Wslot = 100 nm. All the definitions show parabolic variation with WSi. It can be seen
that different definitions show different Ae f f minima but for slightly different values of
WSi. The Ex field is a dominant component of the fundamental quasi-TE mode, it only
carries high power through the slot region. Thus, the AE te f f and A
Ex
e f f definitions show
minimum mode effective area of 0.1138 and 0.1085 µm2, respectively for a same value of
WSi = 250 nm. Besides, A
Ht
e f f and A
Hy
e f f provide higher values of Ae f f minima as 0.2059
and 0.1994 µm2, respectively for WSi = 350 nm, as the Hy and Hx carries less power for a
vertical slot waveguide. A close look on the figures (Fig. 4.25(a) and (b)) also indicate that
the AHte f f , A
Hy
e f f , A
Sz
e f f , and A
U
ef f have very close variation. However, the A
Sz|max
e f f and A
Umax
e f f
show a much lower effective area values of 0.0524 and 0.0304 µm2, respectively at WSi =
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Figure 4.28: (a) shows the schematic cross-sectional digram of a SOI based horizontal slot
waveguide. (b) and (c) depict the FV-FEM simulated E y and Sz field distributions of the
fundamental quasi-TM mode.
200 nm.
Next, the Si slab height (HSi) and width (WSi) are fixed at 220 and 200 nm, respec-
tively and slot width (Wslot) is varied. Waveguide ne f f variation is shown in Fig. 4.26
which indicates that as the Wslot is narrower, the ne f f increases whereas the effective
areas determined by different definitions (Eqs. 4.5, 4.6, 4.9, 4.10, 4.12, 4.13, 4.17, and
4.18) decrease, shown in Fig. 4.27(a) and (b). As expected, the AE te f f and A
Ex
e f f approaches
towards lower Ae f f values compared to A
Ht
e f f , A
Hy
e f f , A
Sz
e f f , and A
U
ef f . Besides, A
Sz|max
e f f and
AUmaxe f f give much lower Ae f f values with narrower Wslot as the slot confined field becomes
more localised. It is interesting to notice that for a very low value of Wslot = 20 nm, the
AE te f f , A
Ex
e f f , and A
Umax
e f f provide almost same effective area (∼0.024 µm2) for a SOI based
vertical slot. Thus, for a high index contrast vertical slot waveguide, AE te f f , A
Ex
e f f are more
effective to determine the effective area and for a very low slot width, AUmaxe f f could also be
considered for an accurate mode effective area analysis.
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Figure 4.29: Quasi-TM Hx, E y fields, and Sz intensity distributions of the SOI based
horizontal slot waveguide along x and y axes passing through the centre of the waveguide.
(a), (c), and (e) present the distributions along x-axis and (b), (d), and (f) present the same
but along y-axis.
4.3.2.4 Horizontal Slot Waveguide
A SOI based horizontal slot waveguide mode effective area also has been analysed with
different approaches. Figure 4.28 shows the schematic cross-section of the horizontal slot
waveguide where a single low index SiO2 layer is considered to be sandwiched between
two symmetric high index Si slabs. The complete waveguide structure is considered to
be surrounded by the SiO2. It can be fabricated with SOI wafer by layer deposition
[Almeida et al., 2004; Sun et al., 2007]. Its refractive index profile variation along y-axis
has been shown in Fig. 4.22(b). In this case, the low index slot is formed in horizontal
direction. Thus, the normal component of ~E field (here E y) undergoes discontinuity at the
interfaces therefore results in an enhanced power confinement in the slot region. Figure
4.28(b) and (c) show the FV-FEM simulated E y field and Sz intensity distributions of the
fundamental quasi-TM mode. The dominant Hx, E y field components and Sz intensity
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Figure 4.30: Fundamental quasi-TM mode effective index (ne f f ) variation with Si slab
width (WSi) for a fixed Si slab height (HSi) and slot height (Hslot) of 220 and 100 nm,
respectively.
distributions along x and y axes are shown in Fig. 4.29(a) - (f). Field variations along
x-axis show a Gaussian type distributions (Fig. 4.29(a), (c), and (e)). Fig. 4.29(b) shows Hx
field distribution along y-axis where field is mostly confined in the Si cores and a small
confinement is observed into slot. E y and Sz in Fig. 4.29(d) and (f), respectively show
their maximum confinement in the low index horizontal slot region.
Figure 4.30 shows the horizontal slot effective index (ne f f ) variation with the waveg-
uide width (WSi) for a fixed Si slab height (HSi) and slot height (Hslot) of 220 and 100 nm,
respectively. It can be seen that the ne f f increases as the waveguide is wider. The higher
ne f f value indicates that as the Si slab becomes wider the mode field is more guided by
the top and bottom high index Si slabs. Figure 4.31 (a) and (b) show the mode effective
area variations by different definitions such as AHte f f , A
Hx
e f f , A
E t
e f f , A
E y
e f f , A
Sz
e f f , A
Sz|max
e f f ,
AUef f , and A
Umax
e f f as a function of WSi while the HSi and Hslot are kept fixed at 220 and
100 nm, respectively. The parabolic trend of Ae f f indicate that with the reduction of WSi,
mode effective area reduces, reaches a minimum and then increase rapidly with further
WSi as the guided mode moves toward its cut-off. The A
E t
e f f and A
E y
e f f present a much
lower Ae f f value of ∼0.10 µm2 at WSi = 300 nm compared to the AHte f f , A
Hx
e f f , and A
Sz
e f f
based effective area (∼0.22 µm2) approaches. As the E y field component carries a large
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Figure 4.31: (a) and (b) show the mode effective area variations by different approaches
such as AHte f f , A
Hx
e f f , A
E t
e f f , A
E y
e f f , A
Sz
e f f , A
Sz|max
e f f , A
U
ef f , and A
Umax
e f f against Si slab width WSi.
The HSi and Hslot are kept fixed at 220 and 100 nm, respectively.
portion of energy of the fundamental quasi-TM mode, the ~E t and E y based approaches
are more effective than the ~H field and Sz based approaches. A close look on Fig. 4.31(b)
indicates that the AUef f values are slightly higher than the A
Ht
e f f , A
Hx
e f f , and A
Sz
e f f , thus
may not be acceptable. For WSi > 400 nm, light starts to be guided by the high index
core regions thus ASz|maxe f f shows a shallow variation in this region. However, its parabolic
profile indicates a much lower Ae f f value of 0.0542 µm2 at WSi = 180 nm. Similarly,
AUmaxe f f shows a lowest effective area of 0.0302 µm
2 for WSi = 150 nm. Interestingly, both
the ASz|maxe f f and A
Umax
e f f have shown their minimum Ae f f s when more than 50% light is
being confined and guided by the surrounding clad region.
Figure 4.32 shows the quasi-TM mode effective index (ne f f ) variation against Si slab
height (HSi) for a fixed WSi and Hslot of 300 and 50 nm, respectively. It can be seen that
the ne f f increases gradually with the increment of the height of Si slab. As the high index
si slab height increases, the light starts to be guided more by the Si slab than the low
index slot. For HSi = 400 nm, 78% power confines in the Si slab and only 7.5% power
confines into slot. Figure 4.33(a) and (b) show the results of mode effective area solved
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Figure 4.32: Fundamental quasi-TM mode effective index (ne f f ) variation with Si slab
height (HSi) for a fixed Si slab width (WSi) and slot height (Hslot) of 300 and 50 nm,
respectively.
Figure 4.33: (a) and (b) show the mode effective area variations by different approaches
such as AHte f f , A
Hx
e f f , A
E t
e f f , A
E y
e f f , A
Sz
e f f , A
Sz|max
e f f , A
U
ef f , and A
Umax
e f f against Si slab height HSi.
The WSi and Hslot are kept fixed at 300 and 50 nm, respectively.
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Figure 4.34: (a) and (b) depict a schematic cross-section of horizontal slot hybrid plasmonic
waveguide and its refractive index profile along y-axis, respectively.
by different approaches against HSi for a fixed WSi and Hslot values of 300 and 50 nm,
respectively. All the approaches show a parabolic nature of Ae f f variation. When the Si
waveguide thickness increases, more field confines in upper and lower Si slabs, thus the
mode effective area increases. As E y is a dominant quasi-TM field component, the A
E t
e f f
and AE ye f f show the minimum effective area of 0.0503 and 0.0482 µm
2 at HSi = 220 nm
compared to other ~H, Sz, and U based approaches. The minimum effective area indicates
that the mode field is more confined at that condition. Other two definitions such as
ASz|maxe f f and A
Umax
e f f although have similar variation of A
E y
e f f but they show their minimum
Ae f f values of 0.040 and 0.037 µm2, respectively at different HSi values of 180 and 170
nm, respectively when the quasi-TM mode moves towards its cut-off. Thus, in assessment
of SOI based horizontal slot waveguide, AE ye f f and A
E t
e f f provide more acceptable results
compared to other effective area definitions.
4.3.2.5 Horizontal Slot Hybrid Plasmonic Waveguide (HPW)
In previous sections, low index contrast optical fibre and high index contrast ridge and slot
waveguides have been studied. In this section, a horizontal slot hybrid plasmonic waveg-
uide have been considered where the light guiding mechanism is not straightforward as
dielectric waveguides discussed above. This waveguide is considered to be formed by plac-
ing a low index slot section horizontally in between a silver (Ag) and high index Si layers.
Figure 4.34(a) shows the schematic cross-section of the hybrid plasmonic waveguide. Its
refractive index profile has been shown in Fig. 4.34(b) with Si, SiO2, and Ag refractive
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Figure 4.35: In-house 2D FV-FEM simulated field distribution of horizontal slot hybrid
plasmonic waveguide. (a), (b), and (c) represent the quasi-TM Hx, E y fields, and Sz
intensity distributions, respectively when Si slab height (HSi) is considered as 220 nm.
(d) and (e) depict the quasi-TM E y and Sz profiles for 180 nm Si slab height (HSi). The
circular highlighted sections present the sub-wavelength field confinement at the corners
of the metal layer. Other parameters are considered as Wcore = 350 nm, Hslot = 100 nm,
and HAg = 200 nm.
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indices of 3.4757, 1.4440, and 0.13880+ j11.310 [Babar and Weaver, 2015], respectively
at the wavelength of 1550 nm. The black line represents the real refractive index profile
along y-axis of the HPW. Whereas, red dashed line shows the imaginary refractive index
profile that indicates waveguide loss only exists due to the Ag layer. The structure is
compatible with SOI fabrication technology and it can be fabricated by layer deposition
process on top of commercially available SOI wafer having Si thickness of 220 nm. If
necessary, the Si layer thickness could be altered by dry etching [Solehmainen et al., 2005;
Sun et al., 2007]. The complete waveguide is considered to be buried under SiO2 clad. The
Ag layer’s free surface electrons get excited by the operating electromagnetic light and
the generated surface plasmon (SP) mode is guided by the Ag-SiO2 interface. Besides,
the dielectric mode is guided by the high index Si layer. However, the dominant hybrid
supermode also known as surface plasmon polariton (SPP) which is a combination of both
SP and dielectric mode is always guided by the low index slot region. The fundamental
quasi-TM mode of the HPW situated in close locality of the metal thus it gets influenced
by the SP which results in a high mode attenuation. Whereas, the quasi-TE mode is more
localised in the high index dielectric region thus uninfluenced by the surface plasmon
(SP). The HPW is modelled with in-house divergence modified 2D FV-FEM code and
the simulated field profiles are shown in Fig. 4.35. Figures 4.35(a), (b), and (c) show the
quasi-TM Hx, E y fields, and Sz intensity profiles for HSi = 220 nm. In the Hx distribution,
maximum field is concentrated in the Si layer, whereas dominant E y and Sz are mostly
confined into horizontal slot. Figure 4.35(d) and (e) shows the E y and Sz components of
the quasi-TM mode for HSi = 180 nm. Other parameters are kept fixed as 350 nm core
width (Wcore), 100 nm slot height (Hslot), and 200 nm Ag layer thickness (HAg). It can
be seen from the colour bars of Fig. 4.35(b), (c), (d), and (e) that a smaller thickness of Si
slab introduces larger field to be confined into low index slot region. It is also noticeable
that the slot confined hybrid supermode is highly localised at the corners of the Ag layer,
zoomed in the circular insets.
Figure 4.36 shows the real part of effective index (Re(ne f f )) and mode propagation
length (Lp) of the hybrid quasi-TM supermode with Si slab height (HSi) shown by the red
and blue solid lines, respectively. Both the Re(ne f f ) and Lp increase with the increment
of HSi as the mode is more confined in the dielectric Si slab. This results in lower mode
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Figure 4.36: Effective index (Re(ne f f )) and mode propagation length (Lp) variation of
the HPW as a function of Si slab height (HSi). Waveguide core (Wcore), slot height (Hslot),
and Ag height (HAg) are considered to be fixed as 350, 100, and 200 nm, respectively.
Figure 4.37: (a) and (b) show the evaluation of mode effective area Ae f f of the HPW by
different definitions as a function of HSi. Other design parameters are considered as
Wcore = 350 nm, Hslot = 100 nm, and HAg = 200 nm.
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attenuation for higher HSi. Figure 4.37(a) and (b) depict the modal effective area of the
HPW by different approaches such as AHte f f , A
Hx
e f f , A
E t
e f f , A
E y
e f f , A
Sz
e f f , A
Sz|max
e f f , A
U
ef f , and
AUmaxe f f against HSi while other design parameters are considered to be fixed. A
E t
e f f and
AE ye f f have shown a parabolic trend which decrease, reach a minimum value and then
further increase with the increment of HSi. It is noticeable that A
E t
e f f and A
E y
e f f have
shown comparative minimum effective areas of 0.0945 and 0.0810 µm2, respectively than
other definitions plotted in Fig. 4.37(a). For lower HSi values, the quasi-TM supermode
into slot is mostly influenced by the SP thus in this region ~E field based approaches show
minimum mode area. On the other hand, as HSi increases, the supermode mostly confined
into Si region thus the ~E field based results increase and ~H field based results decrease.
The ASze f f and A
U
ef f (orange and green dashed lines, respectively) represent resultant
Ae f f variations which show lower values of effective area for lower and higher HSi values
and they also show a higher effective area in between during to modal transition from
low index slot region to high index Si slab due to increment of HSi. Other two definitions,
such as ASz|maxe f f and A
Umax
e f f indicate much lower effective areas for lower HSis but effective
area increase and almost get saturate with the HSi increment. Instead of using the field
distribution as a whole, these two approaches considered the Sz|max and Umax which are
only localised at the corners of metal layer that results in a different effective area trend
than others.
Next, the waveguide mode effective area has been studied as a function of slot height
(Hslot) by considering other parameters to be fixed as 350 nm core width (Wcore), 220 nm
Si slab height and 200 nm thicken Ag layer. The red and blue lines in Fig. 4.38 indicate
the real effective index (Re(ne f f )) and mode propagation length (Lp) of the dominant
quasi-TM mode. As the Hslot increases, the hybrid supermode (quasi-TM) confines more
into low index slot in close vicinity of Ag layer which results in simultaneous decrement
and increment of Re(ne f f ) and Lp. Figure 4.39 depict the evaluation results of the HPW
mode effective area as a function of Hslot with different effective area approaches such
as AHte f f , A
Hx
e f f , A
E t
e f f , A
E y
e f f , A
Sz
e f f , A
Sz|max
e f f , A
U
ef f , and A
Umax
e f f . As the Hslot increases, all
the Ae f f s increase gradually. For a lower Hslot, the mode field especially quasi-TM E y
filed is more confined into slot thus results in a lower effective area. The AE te f f and A
E y
e f f
show much lower effective area values of 0.0057 and 0.0053 µm2, respectively compared
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Figure 4.38: Effective index (Re(ne f f )) and mode propagation length (Lp) variation of
the HPW as a function of slot height (Hslot). Waveguide core (Wcore), Si slab height (HSi),
and Ag height (HAg) are considered to be fixed as 350, 220, and 200 nm, respectively.
Figure 4.39: (a) and (b) show the evaluation of mode effective area Ae f f of the HPW by
different definitions as a function of Hslot. Other design parameters are considered as
Wcore = 350 nm, HSi = 220 nm, and HAg = 200 nm.
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to other approaches shown in Fig. 4.39(a). On the other hand, the ASz|maxe f f and A
Umax
e f f
show almost similar variation with Hslot. Its behaviour mostly depend on the localised
field concentration at the metal corners. Thus, it can be clearly observed that for sub-
wavelength localised plasmonic field confinement the ASz|maxe f f and A
Umax
e f f based formulae
are more useful. Whereas, for a field distribution over waveguide region the effective area
definitions based on dominant fields are more effective and appropriate. Also a combine
effect of dominant and non-dominant field components on mode effective area could be
evaluated by ASze f f and A
U
ef f based approaches.
4.4 Summary
A detail modal investigation has been carried out to study nano-plasmonic modal be-
haviour of guided modes supported by a simple metal (Ag) film embedded into dielectric
background materials. Plasmonic modes have higher effective indices than the surround-
ing cladding refractive index. As they approach to cut-off, the mode fields spread into
cladding region and plasmonic modes evolve into background quasi-TEM mode which
leads to a reduction in mode propagation loss. Depending on different light guiding condi-
tions long and short range plasmonic fundamental and higher order modes have been
studied. The ss0 and as0 are the long-range modes for metal core bounded by identical
cladding. At different cut-off conditions (W = 200 nm, t = 40 nm and W = 1000 nm, t =
15 nm), the ss0 shows a much lower attenuation of 8.9 dB/mm and 2.4 dB/mm compared
to other guided modes. As the cladding becomes non-identical, a long range plasmonic
supermode (PSM) appears due to coupling of different individual modes of all four metal-
dielectric interfaces when they travel with similar propagation constant. An interesting
notable modal evolution of this PSM was observed with its dimensions. A small thickness
of metal film causes a strong upper and lower interface modal coupling which results a
prominent modal evolution from s1Las
0
U to s
1
Las
1
U for W = 1000 nm. On the other hand,
for a smaller and near cut-off metal width (W = 600 nm) three different types of PSMs
appeared due to modal coupling from all the four interfaces which makes the evolution
process more complex. In that case, a comparative low modal attenuation with a large
Lp was observed at a particular metal thickness, t = 48 nm. Additionally, surrounding
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dielectric cladding materials also influence the modal evolutions. Optically dense media
confine and localise more light to the metal-dielectric interfaces than the optically lighter
media. This also results in increase of mode effective area with the reduction of cladding
index.
Later, the FV-FEM has been used as a numerical tool to investigate on the ambiguities
of the mode effective area formulations. Different effective area definitions such as
AHte f f , A
Hx
e f f , A
E t
e f f , A
E y
e f f , A
Sz
e f f , A
Sz|max
e f f , A
U
ef f , and A
Umax
e f f are mentioned in many published
literatures have been incorporated to judge the mode effective area of different types of
waveguides. Determination of appropriateness demands a through analysis. In this study,
those mentioned approaches have been applied on low index, high index, and hybrid
plasmonic waveguides and the results have been compared for final judgement. For a low
index contrast optical fibre, AHte f f , A
E t
e f f , A
E y
e f f , A
Sz
e f f , and A
U
ef f based approaches intersect
with spot-size (SPZ) curve when its field profile follows its fitted Gaussian distribution.
Thus, these formulae could be considered to be suitable for low index contrast fibres and
waveguides. But in cases of high index contrast polarisation dependent waveguides, the
Ae f f definitions based on dominant and its transverse field components of the respective
mode are more suitable compared to others. It is also noted that, ~H and Sz based effective
area definitions have closer values, and ~E-field based definition gives slightly lower values,
this could be due to larger field profile deviation for this profile. On the other hand, mode
field distribution of a hybrid plasmonic waveguide (HPW) could be either highly localised
or distributed type depending on the waveguide configuration. ASz|maxe f f and A
Umax
e f f based
definitions could be useful for sub-wavelength confined mode area assessments as they
consider the localised maximum field. But for the distributed type mode fields, polarisation
dependent field based effective area formulations have shown their effectiveness.
Thus, the numerically investigated bounded SPP modal analyses of a simple Ag
nano-wire successfully demonstrate the usefulness of our proposed divergence modified
2D FV-FEM. Additionally, rigorous analyses of mode effective area of different types of
waveguides under different light guiding conditions provide intuitive ideas in design and
optimisation of complex dielectric and hybrid plasmonic integrated photonic waveguides
such as logic gates, switch, BUS router, modulator, polarisation controller, mode converter,
nonlinear and sensing devices.
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HORIZONTAL SLOT COMPOSITE PLASMONIC WAVEGUIDE
(HSCPW) FOR DETECTION OF ETHANOL VAPOUR AND DNA
HYBRIDISATION
5.1 Introduction
I
ntegration of photonic devices and nano-electronics now became a challenge due to
ingrained diffraction limit of electromagnetic energy supported by dielectric media.
The surface plasmon polaritons (SPPs) can be one of the solutions to overcome
this difficulty. Comparing other nano-scale waveguides, such as, high-index contrast
silicon-on-insulator (SOI) nano-wires and photonic crystals (PCs), surface plasmon (SP)
shows a nano-scale light guiding [Maier, 2007; Oulton et al., 2008] in true sense. The
light guiding characteristics of conventional dielectric waveguides and pure plasmonic
waveguides show opposite characteristics. A high-index contrast SOI nano-wire confines
light in the high index region. A very low propagation loss and hundred nano-meter
scaled mode area are also key properties of these structures [Kejalakshmy et al., 2010].
However, a pure metal plasmonic waveguide provides a sub-wavelength enhanced scale
light confinement but with very high propagation loss [Veronis and Fan, 2005; Krasavin
and Zayats, 2010; Berini, 2000, 2001]. This in turn requires an accurate evaluation and
engineering to design the plasmonic based waveguides to channelise the unique features
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of SPPs in the field of linear, nonlinear photonic devices [Alam et al., 2011; Lu et al., 2011]
and sensing applications [Alam et al., 2014; Homola et al., 1999; Homola, 2003].
Surface Plasmon Polaritons (SPPs) are the surface waves tightly confined at the
interface between metal and dielectric media. The SPP surface wave is a combination of
free charge motion in the metal i.e. surface plasmon and electromagnetic waves in the
dielectric media i.e. polariton. At optical and near infra-red (IR) region, metal has negative
dielectric constant whereas dielectrics show a positive value. This complimentary nature
at the interface excites electromagnetic surface wave that propagates until the field dies
by material absorptions and scattering into surrounding media. The electromagnetic
surface wave is a unique light-matter interaction that contains a coupled state of the
electromagnetic wave to conductor’s free electrons plasma oscillations. The SPPs are
transverse magnetic (TM)-polarised in nature and evanescently confined in the direction of
propagation. The SPPs can be excited either by electrons or photons with same frequency
and momentum. In this work the photons having telecommunication wavelength of
λ = 1550 nm is used for SPP excitations. Analytical solution to characterise the modal
properties of electromagnetic field generated on both side of the metal and its integration
with dielectric waveguide mode for a complex structure is not easy. Numerical modelling
of complex plasmonic structure offers possible solution for sub-wavelength plasmonic
device design and its performance analysis. A full-vectorial ~H-field based 2D FV-FEM is
used as a simulation tool for the device designs.
5.2 Ethanol Vapour Sensing by HSCPW
In modern industries, ethanol (CH3CH2OH) is considered as one of the most important
constituent for productions of various goods. It has very high impact on daily life, from
chemical and pharmaceutical products to heavy auto-mobile and fuel engineering but it is
also a highly flammable substance. When ethanol vapour mixes with air, explosive fire can
result if accidentally ignited. Only 3.5% ethanol vapour in air can causes explosion, this
often termed as lower explosion limit. Besides, the upper explosion limit is 19% by volume
of air [Gas, 2013]. Mishandling, leaking, spilling contamination failures can release the
liquid ethanol which causes flammable vapour. This results environmental pollution
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and also severe health risks. Human body initially breaks ethanol into acetaldehyde
which increases the risk factor of liver cirrhosis and cancer. Therefore, accurate and high
sensitive sensing of ethanol vapour in industrial environment is crucial. Several gas
sensing mechanisms, such as spectrometric sensing [Kuze et al., 2009], electrochemical
[Chen et al., 2005; Zhang et al., 2006], solid state semiconductor [Gibson and MacGregor,
2013], and micro-controller based devices [Abraham and Li, 2014], have been reported
and demonstrated in recent years. Besides, dielectric waveguide based interferometric
and resonating structure, for breathing [Favero et al., 2012], H2 [Yebo et al., 2009] and
CH3CH2OH [Yebo et al., 2010] sensing is more convenient for its high sensitivity and
compact lab-on-a-chip design. In this chapter, we proposed a novel, compact ethanol
vapour sensor based on hybrid plasmonic based horizontal slotted waveguide which offers
a high sensitivity along with nano-meter scale footprint.
5.2.1 Porous ZnO (P-ZnO) Capillary Condensation
The proposed design of ethanol vapour sensor contains a horizontal layer of porous ZnO
(P-ZnO) as a low index medium to absorb the ethanol vapour into its pores. P-ZnO has
lower refractive index than a bulk ZnO, as the material pores are filled with air (n =
1). The equivalent refractive index (ne) has an inverse relation with the number of pores
in unit volume, called porosity (P). Pores in the material increase curved empty space
which results in absorption and condensation of vapour or gaseous substances. Pore
sizes ranging from 2 to 50 nm (mesoporous) of a P-ZnO layer possess the surface area
around 1000 m2/g [Yebo et al., 2010]. When the porous layer is kept in contact with the
measuring analyte the air (n = 1) filled voids are replaced by condensed analyte (n>
1). Depending on the different volume fraction of absorbed and condensed analyte, the
effective refractive index as well as dielectric constant of P-ZnO changes.
For making our waveguide design more efficient, different types of P-ZnO layer
templates could be used, such as, porous flakes composed ZnO spheres [Wang, Tian, Wang,
He, Xu, He and Li, 2013], P-ZnO nano-sheets [Zhang, Zhao, Lu, Li, Zheng, Li and Zhu,
2012], and nano-plates [Jing and Zhan, 2008]. All these types of P-ZnO layers composites
of nano-meter scaled pores exploit ultra-high pore density with great enhancement of
surface-to-volume ratio. P-ZnO spheres, nano-sheets and nano-plates are mesoporous
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Figure 5.1: Refractive index variation with porosity (P) and change of equivalent refractive
index of P-ZnO with volume fraction (V ) of capillary condensed ethanol.
with pore diameters ranging from 2 to 50 nm. The nano-sheet contains average pore size
of 39 nm [Zhang, Zhao, Lu, Li, Zheng, Li and Zhu, 2012]. Operating temperature is an
important parameter for metal-oxide semiconductor based sensors. The P-ZnO sphere
layer shows an enhanced selective response to 100 ppm ethanol at 280◦C. Similarly, a
strong response in ethanol sensing can be observed around 400◦C to 450◦C for nano-sheets
and nano-plates [Zhang, Zhao, Lu, Li, Zheng, Li and Zhu, 2012; Jing and Zhan, 2008].
In terms of selectivity and response-recovery time, all three P-ZnO configurations show
excellent selectivity and much shorter response and recovery time (10 and 15 s, 7 and
19 s, 32 and 17 s) to ethanol vapour compared to methanol, acetone, chlorobenzene, and
methane at 280◦C [Wang, Tian, Wang, He, Xu, He and Li, 2013], 400◦C [Zhang, Zhao, Lu,
Li, Zheng, Li and Zhu, 2012], and ∼ 450◦C [Jing and Zhan, 2008] for 2, 200 and 100 ppm
of ethanol, respectively. Use of these P-ZnO templates in the horizontal slot section make
the HSCPW more stable and efficient for ethanol vapour sensing. The size of an ethanol
vapour molecule is 4.53 Å or 0.453 nm [Zhou et al., 2018]. Therefore, sufficient numbers
of ethanol gaseous and vapour molecules can easily accommodate themselves into the
mesoporous P-ZnO layer. Various effective quantitative models such as Maxwell-Garnet
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theory, Bruggeman model and Lorentz-Lorenz model have been proposed to determine the
equivalent permittivity of heterogeneous media [Garahan et al., 2007]. In this work, we
used the Lorentz-Lorenz model to determine the refractive index of ZnO layer depending
on its porosity (P) as:
n2P−ZnO−1
n2P−ZnO+2
= (1−P)
(
n2c−1
n2c+2
)
+P
(
n2a−1
n2a+2
)
(5.1)
and equivalent refractive index (neq) variation of the P-ZnO due to absorption of ethanol
vapour.
n2eq−1
n2eq+2
= (1−P)
(
n2c−1
n2c+2
)
+ (P−V )
(
n2a−1
n2a+2
)
+V
(
n2d−1
n2d+2
)
(5.2)
Here P is the ZnO layer porosity, V is the volume fraction of liquid after capillary
condensation. na, nc, and nd are the index of refraction of air (na = 1), homogeneous
(bulk ZnO) and dispersed medium (condensed vapour), respectively. We have considered
the P-ZnO layer of porosity P = 30%, 40%, 50%, and 60%. Corresponding refractive index
(nP−ZnO) variations and equivalent refractive index of P-ZnO due to different volume
fraction of ethanol are presented in Fig. 5.1. As expected, nP−ZnO decreases with the
porosity increment, shown by a solid black line. On the other hand, while these air pores
are partially replaced by the condensed ethanol the equivalent index of refraction (neq)
increases. At room temperature (20◦C), the bulk ZnO refractive index is taken as 1.9267
at the wavelength of 1550 nm, derived from the dispersion formula in [Bond, 1965]. The
ethanol refractive index is derived at the same wavelength of 1550 nm by using the
Sellmeier equation given in [Kedenburg et al., 2012]
n2(λ)= 1+ A1λ
2
λ2−B1
+ A2λ
2
λ2−B2
(5.3)
Here A1,2 and B1,2 denotes the material property parameters and absorption wavelengths.
The constant values used for mathematical analysis are, A1 = 0.83189, A2 = -0.15582,
B1 = 0.00930 µm−2 and B2 = -49.45200 µm−2.
5.2.2 Horizontal Slotted Composite Plasmonic Waveguide (HSCPW)
Plasmonic waveguides are very useful for nano-dimensioned photonic sensing devices.
In pure and hybrid plasmonic waveguides, enhanced sub-diffraction limited light con-
finement on the metal-dielectric interface make this structure very attractive for local
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Figure 5.2: Schematic diagram of a horizontal slotted composite plasmonic waveguide
(HSCPW). (a) shows the geometrical cross-section of the proposed HSCPW where P-ZnO
is used as low index medium sandwiched between high index silicon (Si) and lossy metal
(Ag). The black bordered region depicts the one folded computational domain. (b) depicts
the symmetrical arm Mach-Zehnder interferometer (MZI) where the HSCPW is used.
surface and bulk bio-chemical and gas sensing. The schematic diagram of our proposed
horizontal slotted HSCPW and the composite plasmonic waveguide incorporated sym-
metric Mach-Zehnder interferometer (MZI) is shown in Fig 5.2. The waveguide consists
of composite materials, such as lossy metal (Ag), porous ZnO (P-ZnO), silicon (Si) and
silica (SiO2). A horizontal slot waveguide can be formed by depositing a nano-scaled
thick (tAg) silver layer on top of a P-ZnO, which is used as a low index slot region in
between the metal and high index Si. Due to the presence of lossy metal, the bounded
SPP modes can only be guided over a small distance. To utilise the benefits of localised
plasmonic fields along with short mode propagation length (Lp) the metal layer is in-
tegrated with other loss-less dielectric materials. The refractive indices considered for
the simulations are, nAg = 0.13880+ j11.310 [Babar and Weaver, 2015], nSi = 3.4757
110
CHAPTER 5. HORIZONTAL SLOT COMPOSITE PLASMONIC WAVEGUIDE (HSCPW)
FOR DETECTION OF ETHANOL VAPOUR AND DNA HYBRIDISATION
[Li, 1980], and nSiO2 = 1.4440 at the operating wavelength of 1550 nm. The necessary
boundary condition of electromagnetic field demands a continuity of normal component of
electric flux density (~D) at the interface boundaries that results a high E y field discon-
tinuity (E y,Si 6= E y,P−ZnO 6= E y,Ag) at those interfaces. These field characteristics make
this waveguide very attractive for integrated sensing device due to strong light-matter
interaction in the slot region. Here ethanol vapour is used as a sensing medium. Due
to capillary condensation ethanol vapour molecules are absorbed by the ZnO pores and
condensed as liquid ethanol. Thus, depending on percentage of absorbed ethanol vapour
the refractive index of P-ZnO layer changes. The relation between equivalent refractive
index of P-ZnO and volume fraction of ethanol already has been discussed in Section 5.2.1.
These refractometric change can easily be detectable by an accurate measurement of real
part of effective index change, ∆Re(ne f f ) of the quasi-TE and TM modes. The propagation
length (Lp) of the guided modes by the designed waveguide can be calculated as
Lp = 12α =
λ
4pi · Im(ne f f )
(5.4)
where α denotes the attenuation constant and Im(ne f f ) denotes the imaginary part of the
effective index. This metal dielectric composite structure helps the plasmonic modes to
propagate over a comparative longer distance. Thus, with proper engineering a composite
plasmonic waveguide can be designed, which can be useful for local bio-chemical and gas
sensing.
To simulate the HSCPW our in-house ~H-field based full-vectorial 2D FV-FEM code is
used. In order to get accurate simulations, only the right hand side section bordered by
black line in Fig. 5.2(a) have been considered exploiting the available symmetry of the
structure. To obtain an accurate field distribution of the dominant and non-dominant
modes, the necessary boundary conditions are applied along the symmetry line. In this
structure, a perfect magnetic wall (PMW), nˆ× ~H = 0 is applied along the symmetry
line (along y-axis) as the Hx and E y fields of fundamental mode have even symmetry
along the y-axis. Other three boundaries are considered as the perfect electric wall (PEW).
Mesh distribution is an important step for a plasmonic waveguide simulation. As the
metal surface possess a sub-wavelength field confinement into nano-scaled region, a
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Figure 5.3: Simulated field profile of the dominated quasi-TM mode of the HSCPW. (a)
and (b) illustrate the Hx and E y field distributions, respectively.
sufficient dense mesh is required in the thin metal area for accurate solutions. The
maximum element size used around the metallic area was 0.2 nm. Throughout the
simulation process, half of the waveguide structure is discretised with 1,280,000 first
order triangular mesh elements. For the plasmonic waveguides, fundamental quasi-TM is
the dominant than the quasi-TE mode. Figures 5.3(a) and (b) depict the Hx and E y field
contours of fundamental quasi-TM (H11x and E
11
y ) mode. The Hx field shows maximum
distribution in the high index Si. However, the E y field confines in the P-ZnO slot region.
Thus, the maximum power is confined and guided by the low index slot region. The
1D-line plot of the E y and Hx fields of fundamental H11x mode are shown in Fig. 5.4. The
E y field shown by a red solid line indicates a sharp field enhancement into low index
horizontal slot region. The Hx field is denoted by blue-dashed dotted line which shows a
greater light confinement in the high index Si-core. Figures 5.5 (a), (b) and (c) shows the
Hy field distribution of the non-dominant quasi-TE mode. The Hy field plot shows a high
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Figure 5.4: 1D line plot of fundamental mode E y and Hx field along the symmetry line
(y-axis). The red solid curve shows E y field enhancement in the low index horizontal
slot region, effective for sensing applications. The blue dashed-dotted line shows light
guidance by the dielectric Si core.
Figure 5.5: Simulated Hy field profile of quasi-TE mode; (a) and (b) illustrate the Hy field
distributions along x and y axes, respectively.
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light guidance by the high index Si and P-ZnO layer and field shows continuity at the
material interfaces. The Ag layer has less influence on the mode distribution thus it have
a comparative high mode propagation length (Lp) and less modal loss than dominant
quasi-TM mode (discussed later). The 1D line plot of the Hy field distribution along x and
y axes have been shown in Figs. 5.5(b) and (c), respectively.
The Si nano-wire could be realised by modern CMOS fabrication technologies. Lithog-
raphy masking and then controlled dry-etching of a commercially available silicon-on-
insulator (SOI) wafer can be used to fabricate a finite width (Wcore) fixed height (tSi = 220
nm) Si nano-wire. Although different chemical strategies are available to grow P-ZnO,
such as, sol-gel, thermal decomposition, laser ablation that uses a high temperature,
a low temperature synthesis mechanism using precipitation method [Yebo et al., 2010;
Lommens et al., 2008] could be useful to grow a controlled thickness (tslot) P-ZnO nano
layer on Si. A ZnO nano-crystal layer can be formed by using additive materials with the
pure Zn based solution and then deposit it onto Si nano-wire by the process of uniform
precipitation method. To achieved mesoporous crystallised ZnO, the additive materials
residue need to be evaporate by heat treatment. The pore dimensions and quality could
be controlled by the additive material concentration, molecular size and operating tem-
perature. Here we considered a mesoporous ZnO layer with pore sizes between 2 to 50
nm.
To obtain an explicit sensor design a rigorous investigation is needed to estimate the
optimised waveguide parameters, dominant, non-dominant field distributions and power
confinement into different waveguide regions due to refractometric changes into slot area.
Most easily available thickness of the Si layer of a SOI wafer is 220 nm. Thus, simply
etching the unwanted Si layers could form the nano-wire like structure without manual
Si growth. For simplicity, we fixed the Si nano-wire and Ag metal thickness as 220 nm
and 100 nm, respectively. The rest of device geometries, such as, waveguide core width
(Wcore) and slot thickness are (tslot) are optimised for the best performance.
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Figure 5.6: Real effective index (Re(ne f f )) variation with the slot thickness (tslot). Funda-
mental quasi-TE (H11y ) and TM (H
11
x ) modal real effective indices with tslot variations are
shown by green, red and blue dashed-dotted and solid lines for three different core widths
(Wcore) 350, 450, and 550 nm, respectively. The orange dotted line denotes the Re(ne f f )
of the quasi-TM mode simulated by our code for benchmarking with [Alam et al., 2011]
shown by purple triangular markers.
5.2.3 Optimisation of Design Parameters and Waveguide Performance
as a Sensor
Figures 5.6 and 5.7 show variation of the real part of the effective index, Re(ne f f ) and
modal propagation length Lp against the horizontal slot thickness tslot, respectively. To
benchmark our newly modified in-house code, we have simulated a SOI based horizontal
slotted hybrid plasmonic waveguide proposed by [Alam et al., 2011]. We have considered
the same waveguide dimensions (Wcore = 350 nm, tAg = 200 nm, tSi = 200 nm, and
tsubstrate = 2.0 µm) and same material refractive indices and simulate that with our
in-house FV-FM code. Our simulated Re(ne f f ) data are shown by the orange dotted lines
in Fig. 5.6. Our results matches excellently with the published results (purple triangles)
reported in [Alam et al., 2011] where they have used a commercial software COMSOL for
their simulations.
In this study, we have considered a HSCPW with three different widths 350 nm,
450 nm and 550 nm. Corresponding Re(ne f f ) variations of the fundamental quasi-TE
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Figure 5.7: Variation of the mode propagation length (Lp) with the tslot. Quasi-TE modes
(dashed-dotted lines) show higher Lp than quasi-TM mode (solid lines), shown by dashed-
dotted and solid lines, respectively. 350, 450 and 550 nm Wcore are represented by green,
red and blue lines, respectively. The orange dotted line denotes the Lp of the quasi-TM
mode simulated by our code for benchmarking with [Alam et al., 2011] shown by purple
triangular markers.
and TM mode are shown by the green, red, and blues coloured dashed-dotted and solid
lines, respectively. As tslot increases the Re(ne f f ) decreases gradually for fundamental
quasi-TM mode but increases for fundamental quasi-TE mode, respectively. It can be
observed that for Wcore = 350 and 450 nm modal degeneracy occurs at tslot = 108
nm and 48 nm, respectively when effective indices of the quasi-TE and quasi-TM modes
became equal. Modal degeneracy points are encircled by black line and corresponding
Re(ne f f ) values are also given in Fig. 5.6. Here for the HSCPW, effective dominant mode
for sensing is the quasi-TM supermode where a surface plasmonic mode is coupled with
dielectric mode into low index slot region. It can also be noted from Fig. 5.6 that for a fixed
tslot the Re(ne f f ) also decreases with Wcore. Variations of mode propagation length (Lp)
against tslot has been shown in Fig. 5.7 for the quasi-TE and TM modes for Wcore = 350,
450, and 550 nm. The Lp variations with tslot show a rapid increment for quasi-TE as
here the field is mostly confined and also guided by the low-loss dielectric regions but the
quasi-TM mode shows a comparative slow increment with thickness of P-ZnO dielectric
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Figure 5.8: Quasi-TM and TE slot confinement variations with tslot. The TM slot confine-
ment (ΓTM slot) and TE slot confinement (ΓTE slot) variations for three different Wcore =
350, 450, and 550 nm are indicated by solid and dashed-dotted green, red and blue lines,
respectively. Wcore = 450 nm shows maximum ΓTM slot at tslot = 70 nm.
material into slot as here the field profile is influenced by the SPPs generated by the lossy
metal-dielectric interface. The orange dotted line in Fig. 5.7 shows our simulated results
of the hybrid plasmonic waveguide proposed by Alam et al., which is matching well with
the published result (purple triangles) reported in [Alam et al., 2011].
Figure 5.8 shows variation of mode confinement of the quasi-TE and TM modes
with tslot. The TE and TM slot confinements (ΓTM slot and ΓTE slot) with tslot show an
interesting feature. For three fixed core widths, Wcore, the ΓTM slot increases with tslot,
reaches maximum and then decreases gradually with further increment. It can also be
noticed that the HSCPW with Wcore = 450 nm, shown by the red solid line, confines a
higher 41.79% electromagnetic energy at tslot = 70 nm than other two core widths (550
and 350 nm), shown by blue and green solid lines, respectively. The ΓTE slot for all three
Wcores increase with increase of slot thickness shown by the dashed-dotted lines. But
these values are much lower than the TM mode confinement. These curves intersect each
other at tslot = 68 nm and exhibits only around 3.56% power confinement. As we are
designing a plasmonic sensor, the slot confinement due to SPP and dielectric supermode
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is our most concern. As a result, we focused only on ΓTM slot variation and the maximum
confinement is obtained for optimised slot thickness, tslot = 70 nm. The 1D-line plot
of the quasi-TM E y and Hx field for different slot heights, tslot = 70, 100, and 150 nm
have been shown in Figs. 5.9 (a) and (b), respectively. The field distributions for 70, 100,
and 150 nm slot height are illustrated by the blue, black, and red solid lines, respectively.
Wcore, tAg, and tSi is kept fixed at 450, 100, and 220 nm, respectively. At tslot = 70
nm, the E y shows maximum slot confinement and less confinement in Si core. With the
increment of tslot, the slot confinement (ΓTM slot) decreases gradually which in turn give
rise to a gradual increase of light confinement in the Si core and SiO2 buffer layer (Fig.
5.9).
Further optimisation of Wcore has been carried out for a fixed 70 and 100 nm slot
height and the corresponding results are presented in Fig. 5.10. Here, the red and green
solid lines represent the ΓTM slot variations with Wcore for two fixed tslot = 70 and 100
nm, respectively. As Wcore increases the ΓTM slot grows and confines maximum 41.80%
and 41.09% TM field into 70 and 100 nm slot, respectively at Wcore = 450 nm. Thus,
the optimised HSCPW core width can be taken as 450 nm. From the plots in Figs. 5.8
and 5.10 it can be seen that a 100 nm slot confines 41.09% TM field. As there was not
much difference in ΓTM slot for tslot = 70 and 100 nm and a few nm extra thickness may
be convenient to accommodate more number of pores in mesoporous ZnO layer, we have
finally considered slot thickness as 100 nm. The effective indices (Re(ne f f )) variations
of quasi-TE and TM modes with Wcore have shown in Fig. 5.11. The solid and dashed-
dotted lines represent the Re(ne f f ) of the quasi-TM and TE modes, respectively for two
optimised tslot values, such as 70 and 100 nm. It can be noticed that with the variation
of tslot from 70 to 100 nm the quasi-TE Re(ne f f ) curves stay close which signifies that
the variation of tslot has less effect on the TE mode. Whereas, tslot variation from 70 to
100 nm has a noticeable influence on quasi-TM mode which is clearly seen from effective
index difference of the HSCPW for tslot = 70 and 100 nm shown by the blue and black
solid curves, respectively. Throughout the optimisation process, the Si nano-wire and Ag
thickness are kept fixed at tSi = 220 nm and tAg = 100 nm, respectively but if desired
these can also be optimised. Hence all the optimised HSCPW parameters can be listed
as, Wcore = 450 nm, tslot = 100 nm, tSi = 220 nm and tAg = 100 nm for 40% ZnO
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Figure 5.9: (a) and (b) illustrates the normalised 1D-line plot of the dominant fundamental
quasi-TM (E y and Hx) field variations along y-axis for three different slot heights, tslot =
70, 100, and 150 nm. The field distribution along y-axis is taken at the left or right side of
the HSCPW. Other parameters are kept fixed as, Wcore = 450 nm, tAg = 100 nm, and
tSi = 220 nm.
porosity.
5.2.4 Waveguide Sensitivity
Next, we analysed the HSCPW performance with the presence of ethanol vapour. Ab-
sorption of different percent ethanol vapour changes the equivalent refractive index of
P-ZnO with the help of capillary condensation. The equivalent refractive index depending
on the volume fraction of ethanol was calculated by using Lorentz-Lorenz formulation
(Eqs. 5.1 and 5.2) and results are shown in Fig. 5.1. The quasi-TM and TE real effective
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Figure 5.10: The ΓTM slot variations with HSCPW core width (Wcore) for two different
tslots. The red and green solid lines depict the same variations for tslot = 70 and 100 nm,
respectively. An over 41% power confinement is observed for Wcore = 450 nm at tslot =
70 and 100 nm.
Figure 5.11: Real part of the effective index (Re(ne f f )) variations of the quasi-TE and TM
modes against Wcore for fixed values of tslot = 70 an 100 nm. The solid and dashed-dotted
lines depict the TM and TE modes, respectively. Other parameters, such as tSi, tAg were
kept fixed at 220 and 100 nm, respectively.
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Figure 5.12: Variation of effective index change (∆Re(ne f f )) of quasi-TM mode against
volume fraction of ethanol into P-ZnO layer. Quasi-TE changes are shown as inset. The
black, red, blue and cyan solid and dashed lines in main and inset plot depict the TM and
TE modal ∆Re(ne f f ) changes due to different volume fraction of ethanol into 30%, 40%,
50%, and 60% porous ZnO layers, respectively.
index difference (∆Re(ne f f )) of the HSCPW with volume fraction of ethanol for different
P-ZnO are depicted in Fig. 5.12. The black, red, blue, and green solid lines indicate
the TM-∆Re(ne f f ) variation whereas the dashed lines show the same for TE-∆Re(ne f f ),
respectively. Although, our structure is optimised for P = 40%, but for a comparative
study we also considered three other different ZnO porosity, P = 30%, 50%, and 60%.
As the volume fraction of ethanol into P-ZnO layer increases both the TM-∆Re(ne f f )
and TE-∆Re(ne f f ) increase. 5% to 100% absorbance of ethanol vapour makes a 0.31%
to 6.62% TM-∆Re(ne f f ) change for P = 40% whereas a much lower value only 0.02% to
0.38% TE-∆Re(ne f f ) change is observed for same porosity, shown by red solid and dashed
lines in Fig. 5.12 main and inset, respectively. For other ZnO porosity, such as P = 30%,
the TM-∆Re(ne f f ) shows a change from 0.24% to 5.13% for 5% to 100% ethanol vapour
absorption. On the other hand, P-ZnO with porosity P = 60%, a higher TM-∆Re(ne f f )
change from 0.41% to 9.24% can be observed for the same volume fraction of ethanol.
Thus, higher porosity shows better quasi-TM effective index change. The quasi-TM modal
sensitivity of HSCPW with the volume fraction of absorbed ethanol also has been studied.
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The black star, red ball, blue triangle, and cyan diamond markers in Figs. 5.13(a) and (b)
show the real effective index refractometric sensitivity as
SRe(TM) =
∆Re(ne f f )
∆nslot
(5.5)
and normalised waveguide attenuation sensitivity as
SIm(TM) =
∆Im(ne f f )
∆nslot
(5.6)
of the fundamental quasi-TM mode for P-ZnO layer having porosity, P = 30%, 40%, 50%,
and 60%, respectively. For each P-ZnO layer, the SRe(TM) and SIm(TM) initially decrease
up to ∼15% ethanol absorption and then increases as the volume fraction of ethanol
increase. Figure 5.13(a) and (b) also indicate that a P-ZnO layer with lower porosity (P
= 30%) shows higher SRe(TM) and SIm(TM) (black stars) than a P-ZnO layer with double
porosity (P = 60%), shown by cyan diamonds. In the case of waveguide based sensor
design, the SRe(TM) is more important than SIm(TM). The result in Fig. 5.13(a) shows
a much higher SRe(TM) (' 0.71 per RIU) can be achieved with our proposed HSCPW
structure. Besides, Fig. 5.13(b) depicts that the normalised attenuation of the HSCPW
is less sensitive to slot refractometric changes. This indicates a very small loss change
due to different volume fraction of ethanol into P-ZnO. Figure 5.12 demonstrates that
a P-ZnO layer with high porosity is good for detection of refractometric changes due to
ethanol absorption whereas, in terms of waveguide sensitivity (Figs. 5.13(a) and (b)), a
P-ZnO layer with lower porosity shows higher effectiveness. This contradictory result can
be explained with the help of Fig. 5.1. Equivalent refractive index variation of 60% P-ZnO
layer with volume fraction of ethanol is much stepper than 30% P-ZnO layer. This makes
the HSCPW SRe(TM) and SIm(TM) higher for a P-ZnO layer having lower porosity.
5.2.5 Mach-Zehnder Interferometer (MZI) using HSCPW
To determine the effective index change during ethanol vapour sensing process, a Mach-
Zehnder interferometer (MZI) could be used as a transducer device. The MZI schematic is
shown in Fig. 5.2 where two parallel arms are connected with one input and one output by
using well designed 3 dB optical splitters. Our proposed HSCPW is incorporated in MZI
arms. One arm is called sensing arm where the integrated HSCPW is passed through
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Figure 5.13: (a) and (b) represent the HSCPW quasi-TM real effective index sensitiv-
ity (SRe(TM)) and normalised attenuation sensitivity (SIm(TM)) variations with volume
fraction of ethanol into horizontal slotted P-ZnO layer, respectively. The black star, red
ball, blue triangle, and cyan diamond markers on both figures illustrate the sensitivity
variation with absorbed ethanol vapour into P-ZnO slot having porosity, P = 30%, 40%,
50%, and 60%, respectively.
ethanol vapour filled gas chamber to measure the volume fraction of ethanol and while
another CPWG is used in reference arm. The insertion phase difference (∆φ) between
sensing and reference arm could be measured from the effective index change ∆Re(ne f f )
due to different volume fraction of ethanol, as
∆φ= 2pi
λ
·∆Re(ne f f ) ·L (5.7)
Here, L denotes the HSCPW incorporated MZI arm length. A pi phase difference
between sensing and reference arm makes a destructive interference that results a zero
MZI output. The HSCPW incorporated MZI arm lengths are calculated as 7.51, 6.02,
5.15, and 4.59 µm for each type of P-ZnO layer having porosity, P = 30%, 40%, 50%,
and 60%, respectively. Thus, higher porosity gives higher ∆ne f f which results shorter L.
Same optimised design parameters (Wcore = 450 nm, tslot = 100 nm, tSi = 220 nm, and
tAg = 100 nm) are used for HSCPW structure. We have also studied the corresponding
propagation loss arises due to different HSCPW length and a much low loss value around
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0.2 dB has been calculated for each of the HSCPW with their aforementioned lengths.
More precisely, with and without ethanol vapour the waveguide loss change in HSCPW
incorporated MZI arms are 0.045 dB for P = 30%, 40%, and 50% and 0.047 dB for P =
60%, respectively. Although, HSCPW has high loss compared to conventional dielectric
waveguide however, the small footprint of HSCPW provides a much lower propagation
loss.
The normalised output power (Pnorm) of HSCPW incorporated MZI carries the
∆Re(ne f f ) information in terms of ∆φ, is given by
Pnorm = PoutPin
= 1
2
e−2αL
(
1+ cos∆φ) (5.8)
Here α is the attenuation constant of the waveguide. All the MZI powers are normalised
with respect to the input power (Pin). The normalised output power (Pnorm) have a
cosine variation with phase difference. Often it is assumed that the attenuation (α) is
same for both MZI arms with identical waveguides. However, for sensing purpose, the
reference and the sensing arm waveguides may have different attenuations, αre f = α
and αsen = α±∆αsen, respectively. The sensing waveguide attenuation is modified by a
small change ∆αsen due to different absorption levels of ethanol vapour. It can be shown
that, this modifies the normalised MZI output power as [Berini, 2008]
Pnorm = 12 e
−2αLe−∆αsenLcosh (∆αsenL)
(
1+V cos∆φ) (5.9)
Here, the V is identified as interferometric fringe contrast or visibility parameter, which
depends on ∆αsen as,
V = 1
cosh (∆αsenL)
(5.10)
Additionally, a section of the Eq. 5.9 could be termed as power fraction
PF = e−∆αsenLcosh(∆αsenL) (5.11)
which indicates the increase or decrease in power compared to the reference arm waveg-
uide. Pnorm is only measurable parameter that changes with the phase difference in
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Figure 5.14: Normalised output power (Pnorm) and phase sensitivity | (∂Pnorm)/(∂(∆φ)) |
variations against volume fraction of ethanol into P-ZnO. Blue diamond, red star,
black square, and green triangle markers with dashed lines denote sinusoidal |
(∂Pnorm)/(∂(∆φ)) | variations for different porosity, P = 30%, 40%, 50%, and 60%, respec-
tively. The solid blue, red, black, and green lines indicate cosine natured Pnorm variations
for all four P-ZnO layers.
between sensing and reference arms. Thus, a phase sensitivity of the device is an impor-
tant parameter which can be defined by
∂Pnorm
∂(∆φ)
=−1
2
· e−(2α+∆αsen)L · cosh (∆αsenL) ·V · sin
(
∆φ
)
(5.12)
The equation shows that the maximum phase sensitivity occurs for ∆φ = pi/2. Fig-
ure 5.14 shows the normalised power (Pnorm) and absolute value of phase sensitivity
| (∂Pnorm)/(∂(∆φ)) | variations of proposed HSCPW incorporated MZI against ethanol
volume fraction for different P-ZnO. Different markers with dashed and solid lines are
used to indicate the | (∂Pnorm)/(∂(∆φ)) | and Pnorm variations. Blue, red, black, and green
solid lines indicate cosine variations of Pnorm with volume fraction of ethanol into P-ZnO
of porosity, P = 30%, 40%, 50%, and 60%, respectively. This figure depicts that 100%
ethanol vapour absorption in sensing arm makes a pi phase difference with zero MZI
output and a 5% (considered as minimum) volume fraction of ethanol imposes a minimum
phase difference with maximum 60%, 70%, 76%, and 81% light output for 30%, 40%,
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50%, and 60% P-ZnO, respectively. Higher porosity provides better light output. The ∆φ
shows an almost linear relationship with ethanol volume fraction. Blue diamond, red
star, black square, and green triangles with dashed lines depicts a sinusoidal variation
of | (∂Pnorm)/(∂(∆φ)) | for four different porosity of the P-ZnO layers. Lower porosity (P =
30%) shows lower phase sensitivity, shown by the blue dashed line with diamond marker,
whereas, the green dashed line with triangular marker shows a much better phase sensi-
tivity for porosity, P = 60%. Considering device sensitivity, all ZnO layers with different
porosity, P = 30%, 40%, 50%, and 60% exhibit maximum phase sensitivities of 0.30, 0.34,
0.38, and 0.40 when 51.57%, 52.05%, 52.59%, and 53.16% of the ZnO pores are filled
by the condensed ethanol, respectively when an exact pi/2 phase difference is obtained
in between sensing and reference arms. The output power intensity of the symmetric
MZI design varies depending on the waveguide effective index change occurring due to
ethanol vapour absorption. In this work, instead of direct concentration measurement
(in terms of ppm) of ethanol vapour we emphasised on the detection of refractive index
change due to absorption of and condensation of ethanol vapour into P-ZnO. Therefore,
the presence and the quantity of ethanol vapour is determined in terms of volume fraction
of absorbed ethanol into P-ZnO layer in the HSCPW slot section. A MZI with lossless
identical waveguide exhibits almost same phase sensitivities for all P-ZnO layers. In this
HSCPW incorporated MZI, the balance between both arms break down due to different
attenuations (αre f 6= αsen). To make an error-free MZI design, the device attenuation
should be controlled in a way such that it does not reduce the interferometer balance. In
our study, for all volume fractions of ethanol into 30%, 40%, 50%, and 60% P-ZnO the
fringe contrast (F) was ∼0.99 and the power fraction (PF) was ∼0.96. This (V ' PF ' 1)
indicates that in this case the extra attenuation change in the sensing waveguide is very
small to cause any noticeable effect in the HSCPW incorporated MZI performance.
5.2.6 Fabrication Tolerance
Study on fabrication tolerance is important to obtain a robust sensor design. The horizon-
tal slot hybrid plasmonic waveguide (HSHPW) is optimised for maximum slot confinement
of the fundamental quasi-TM mode. The slot power confinement (ΓTM slot) has a strong
correlation with the waveguide and complete device sensitivity. The maximum ΓTM slot
126
CHAPTER 5. HORIZONTAL SLOT COMPOSITE PLASMONIC WAVEGUIDE (HSCPW)
FOR DETECTION OF ETHANOL VAPOUR AND DNA HYBRIDISATION
is obtained as 41.79% for tslot = 70 nm and Wcore = 450 nm. But for an easy fabrication
and to accommodate a large number of ZnO pores into slot section, the tslot is consid-
ered as 100 nm which results in a 41.09% slot confinement. Therefore, a 100 nm slot
thickness compromises only 1.68% power decrement from the maximum optimised value.
Even >40% slot confinement can be obtained for tslot = 110 nm. During etching of the
waveguide it is not always possible to maintain the the exact optimised value of Wcore
= 450 nm. It can be observed in Fig. 5.10 that a ± 5% change in Wcore still maintain
the ΓTM slot > 40.5%. The quasi-TM waveguide refractometric sensitivity defines as the
ratio of real effective index change of the waveguide to slot refractive index change due
to ethanol vapour absorption. During fabrication processes, the waveguide design para-
meters such as Wcore and tslot may show a maximum ±5% deviation from the optimised
values. Figures 5.6 and 5.11 show much slower quasi-TM mode effective index variation
with those design parameters. Therefore, ±5% fabrication imperfection could results in a
very small ∼1.2% change in waveguide mode effective index. As a result, the waveguide
refractometric sensitivity and MZI phase sensitivity also show very small, negligible
deviations as they strongly depends on the waveguide quasi-TM mode effective index.
5.3 Detection of DNA Hybridisation by SOI Based HSCPW
Besides the matured optical fibre based sensors, recent advanced CMOS technology opens
up the possibilities of nano-scaled waveguide based bio-sensors [Kress-Rogers, 1996]
suitable for environmental monitoring, harmful heavy metal ions and micro-organisms
sensing in drinking water [Haron and Ray, 2006], quality control of food [Mello and
Kubota, 2002] and medical diagnoses [Heinemann and Schmelzeisen-Redeker, 1998].
Commonly, bio-sensors could be classified into two categories depending on their detection
approaches, such as labelled and label-free bio-sensors. Fluorescence based sensors are
highly versatile and sensitive even for detection of single molecule where labelling of
target analyte by fluorescence-tag requires covalent bonding between bio-molecules and
fluorophore or simply fluors. The excited photon is absorbed by an electron of fluorescent
particle that raises the energy level of the electron to an excited state. During excitation,
a short amount of energy may transferred to the nearest molecules and some may be
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Figure 5.15: DNA hybridisation process in the horizontal slot region. A poly-L-lysine
bio-linker layer is used to attach the target ssDNA.
dissipated by the molecular collisions. The remaining energy emits as a photon to bring the
electron back to the ground state. The excited electron carries lower energy compared to
the excitation photon thus the emitted fluorescence has a longer wavelength i.e. different
light colour. Although it is a cyclic process, but in case of bio-sensors the ability of fluors
to fluoresce may irreversibly damage due to accumulation of chemical conversion from
the excited electrons, is known as photo-bleaching [Cox and Singer, 2004]. Besides, the
label-free bio-sensors does not require to tag the target analyte for detection. Utilizing a
cleverly design integrated optical waveguides one can easily detect the change in optical
properties of the natural bio-molecules without any external chemical labelling.
5.3.1 DNA Hybridisation
It is a process where a single stranded DNA (ssDNA) is subsequently combined with
another complementary natured ssDNA and reform a double stranded DNA (dsDNA).
A small example of the DNA hybridisation process is shown in Fig. 5.15 where a single
stranded DNA (ssDNA) is subsequently combined with another complementary ssDNA
and reform a double stranded DNA (dsDNA). The DNA hybridisation is one of the
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Figure 5.16: (a) Schematic cross-section of the SOI based HSCPW to detect DNA hybridis-
ation. (b) Quasi-TM E y field profile of half symmetric HSCPW, (c) depicts the variation
of the E y field along the y-axis symmetry line and (d) denotes the light confinement
variations due to presence of ssDNA and dsDNA.
important method to determine the genetic similarity or dissimilarity between two
organisms, which has a great application in the field of microbiology, zoology, medicine
and medical diagnoses. To immobilise the selective DNA on lower Si and top metal (Au)
surfaces a 1 nm bio-linker layer, such as a poly-L-lysine layer of refractive index 1.42
is used to increase the selectivity. In formation of dsDNA, the base-pairing takes place
in between complimentary natured adenine (A) and thymine (T), and guanine (G) and
cytosine (C). Adenine and thymine are paired by two hydrogen bonds, and guanine and
cytosine are connected with three hydrogen bonds. The refractive of the ssDNA is 1.456
[Elhadj et al., 2004; Dar et al., 2012; Viphavakit et al., 2015] and when it forms the double
helix dsDNA the refractive index becomes 1.530 [Elhadj et al., 2004; Dar et al., 2012;
Viphavakit et al., 2015].
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Figure 5.17: shows the Hx field of the quasi-TM mode. One-fold waveguide symmetry is
used for FV-FEM simulation.
5.3.2 Horizontal Slot Composite Plasmonic Waveguide (HSCPW) and
its Mode Analyses
A silicon-on-insulator (SOI) based horizontal slot composite plasmonic waveguide (HSCPW)
structure, shown in Fig. 5.16(a), is modelled and comprehensively studied to detect the
DNA hybridisation process. In this HSCPW, a low index horizontal slot is formed in
between metal (Au) and high index dielectric Si medium. The thin gold layer is deposited
on the lower surface of the hanging SiO2 slab. This SiO2 slab has no significant effect in
the light guidance by the low-index horizontal slot waveguide section. The thin metallic
layer generates a hybrid surface mode, called surface plasmon (SP), which is a combi-
nation of free electrons in the metallic surface and the exciting electromagnetic waves.
The advantage of this waveguide is a true nano-scale light confinement into the slot. The
effectiveness of a HSCPW has been investigated as a bio-sensor mainly for the detection
of DNA hybridisation.
An in-house divergence modified full-vectorial finite element code (Section 3.3) is used
for design and performance analysis of the proposed HSCPW. The ~H-field within each
element is calculated and then interrelation of the field distributions in other elements
have been followed to make the field continuous across the inter-element boundaries. The
available half symmetry of the structure is exploited to achieve higher accuracy. All the
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boundaries in computational domain are perfect electric walls (PEW) except the symmetry
boundary line, where a perfect magnetic wall (PMW) is imposed. Total 720,000 triangular
elements are used for accurate simulations. This waveguide supports both quasi-TE
and TM modes and both the modes are guided but in different waveguiding layers. The
dominant quasi-TM mode E y field profile and its variation along the symmetry line (y-
axis) are shown in Figs. 5.16(b) and (c), respectively. The E y field profile shows a maximum
confinement in the slot which is used as the sensing region. The sharp changes at the
peak of the slot confinement shown in Fig. 5.16(d) illustrates the difference in optical
field confinement during DNA hybridisation. While the ssDNA converts into dsDNA the
corresponding refractive index changes from 1.456 to 1.530. The line plot in Fig. 5.16(d)
shows a comparative lesser light confinement in the nano-dimensioned high index dsDNA
compared to the low index ssDNA. This change in light guiding property is detectable by
the effective index difference of the HSCPW during DNA hybridisation. Figure 5.17 shows
the Hx field distribution of the dominant quai-TM mode of the waveguide. Although, a
large portion of the light is guided by the high index Si core however, a sufficient fraction
of light is distributed in the slot which is also helpful for the detection process.
5.3.3 Optimisation and Performance Analysis of HSCPW Bio-sensor
Schematic cross-sectional waveguide structure is shown in Fig. 5.16(a), where a nano-
fluidic slot is formed in between fixed 100 nm gold (Au) layer and Si strip (n = 3.4757). A
100 nm top SiO2 (n = 1.444) layer is used to deposit Au metal layer. During hybridisation
process the thickness of the DNA layer is considered as 8 nm. Cladding and rest of the
slot region is filled with DI water based stock solution (n = 1.3154) at the operating
wavelength of 1550 nm. Au refractive indices have been taken from [Johnson and Christy,
1972]. For sensing mechanism, quasi-TM is more effective as this is guided by the low
index slot region. Figure 5.18 shows the variation of power confinement (ΓBio−layer) in
the nanometre thicken DNA layer with Si core height (hSi) for three different waveguide
core widths such as, Wcore = 350, 550, and 750 nm. Other waveguide parameters such
as thickness of top SiO2 layer (hSiO2), Au layer (hAu), and slot height (hslot) are kept
fixed at 100 nm. The ΓBio−layer variations with ssDNA and dsDNA are shown by the
dashed-dotted lines and solid lines, respectively. It can be seen in Fig. 5.18 that the
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Figure 5.18: Variation of the power confinement in the DNA bio-layer (ΓBio−layer) with
Si core height (hSi) for three different waveguide core widths, Wcore = 350, 550, and 750
nm. Other parameters such as thickness of top SiO2 layer hSiO2 , Au layer (hAu), and slot
height (hslot) are kept fixed at 100 nm. The variation ΓBio−layer for ssDNA and dsDNA
are shown by the dashed-dotted and solid lines, respectively.
ΓBio−layer increases, reaches its maximum value and then decreases with an incremental
variation of hSi. A considerably high 8.31% and 7.83% light can be confined in the ssDNA
and dsDNA layer, respectively for the HSCPW parameters of hSi = 160 nm and Wcore =
750 nm. For other two Wcores (350 and 550 nm), the corresponding optimised hSi that
shows maximum ΓBio−layer are 210 and 190 nm.
Figure 5.19 shows the variation of ΓBio−layer against slot height hslot for previously
optimised Wcore and hSi values. As the hslot increases from 40 nm to 120 nm, the
ΓBio−layer decreases gradually. For lower hslot, slot confinement may reduce. But power
density in slot increases as slot area reduces. So for surface sensing power density is more
important than just total slot power. As a result, ΓBio−layer increases. Thus, a high light
confinement in the sensing layer is obtained for lower values of hslot. For an effective
sensor design, high slot confinement is always desirable. Although, a smaller hslot shows
greater confinement in the bio-layer but it is difficult to fabricate a very small hslot
channel. Thus, hslot = 80 to 100 nm could be a trade-off.
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Figure 5.19: Variation of the power confinement in the DNA bio-layer (ΓBio−layer) with
slot height (hslot) for three different waveguide core width and height combinations, such
as Wcore = 350 and hSi = 210 nm, Wcore = 550 and hSi = 190 nm, and Wcore = 750 nm
and hSi = 180 nm. Other parameters such as hSiO2 and hAu are kept fixed at 100 nm.
The variation ΓBio−layer for ssDNA and dsDNA are shown by the dashed-dotted and solid
lines, respectively.
The real effective index (Re(ne f f )) and effective index difference (∆ne f f ) variation of
the quasi-TM mode due to DNA hybridisation with silicon core height (hSi) are shown in
Fig. 5.20. A correlation also has been noticed in ∆ne f f variation and power confinement in
the bio-layers. It can be observed that ∆ne f f increases first, then reaches at its maximum
and finally decreases with increment of hSi for a fixed Wcore value. The red, green,
and blue lines depict the ∆ne f f variation against hSi for Wcore = 350, 550, and 750 nm,
respectively. The maximum values of ∆ne f f have been obtained for different combinations
of Wcore and hSi. For Wcore = 350, 550, and 750 nm the maximum ∆ne f f have the values
of 0.00612, 0.00679, and 0.00712 for hSi = 210, 190, and 180 nm, respectively. Thus,
Wcore = 750 nm and hSi = 180 nm show a higher ∆ne f f value. Figure 5.21 shows the
propagation distance variation with hSi. Lower Wcore shows higher modal loss. With the
increment of hSi, light is mostly guided by the high index Si core thus have lower modal
loss and higher propagation length (Lp). The variations of ssDNA are shown in dashed or
dotted lines whereas for dsDNA, the solid lines are used. Both the graphs are showing the
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Figure 5.20: Variation of real part of the effective index (Re(ne f f )) of the sensitive quasi-
TM mode and effective index change (∆ne f f ) of the same mode due to DNA hybridisation
against Si core height (hSi) for three fixed core widths, Wcore = 350, 550, and 750 nm. A
100 nm hslot is considered. The variation of Re(ne f f ) for ssDNA and dsDNA are shown
by dashed-dotted and solid lines, respectively.
importance of hSi, as it has a significant impact on the formation of the hybrid supermode
(Fig. 5.16(b) and 5.17) that occurs due to combination of a surface plasmon mode from
Au-dielectric interface and a dielectric waveguide mode.
Figure 5.22 depicts variation of waveguide effective index change (∆Re(ne f f )) with
the slot height (hslot) for three optimised combinations of Wcore and hSi. The ∆Re(ne f f )
increases with the reduction of hslot. Power confinement into bio-layer (Fig. 5.19) also
follows the same trend as ∆Re(ne f f ). Recent state-of-the-art fabrication technology allows
one to fabricate a few tens of nanometer dimension nano-fluidic channel [Liang et al.,
2007] which gives us a freedom to go below 100 nm hslot to increase the device sensitivity.
However, in practical it may be difficult to accommodate the bio-layers in a very small
slot height (hslot). Therefore, further waveguide sensitivity has been investigated for
hslot = 80 and 100 nm. Naturally, the bio-layer grows on top of poly-L-lysine linker
and they stick together with the help of covalent bond. It is also very hard to maintain
the bio-layer thickness. Therefore, a rigorous study is needed on waveguide surface
sensitivity for device characterisations. HSCPW surface sensitivity has been investigated
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Figure 5.21: Variation of real part of the effective index (Re(ne f f )) of the sensitive quasi-
TM mode and effective index change (∆ne f f ) of the same mode due to DNA hybridisation
against Si core height (hSi) for three fixed core widths, Wcore = 350, 550, and 750 nm. A
100 nm hslot is considered. The variation of Re(ne f f ) for ssDNA and dsDNA are shown
by dashed-dotted and solid lines, respectively.
Figure 5.22: Variation of quasi-TM effective index change (∆Re(ne f f )) against horizontal
slot height (hslot) for optimised Wcore and hSi combinations. The red, green, and blue
solid lines indicate the ∆Re(ne f f ) variation for Wcore = 350, 550, and 750, and hSi = 210,
190, and 180 nm, respectively.
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Figure 5.23: Variation of quasi-TM effective index change (∆Re(ne f f )) with bio-layer
thickness (hbio).
Figure 5.24: Variation of waveguide surface sensitivity (Ssur f ace) with bio-layer thickness
(hbio) for 80 and 100 nm slot heights (hslot).
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Figure 5.25: Variation of waveguide bulk sensitivity (Sbulk) against sucrose solution
concentrations for two different slot heights, hslot = 80 and 100 nm.
with the variation of hbio for optimised waveguide design (Wcore = 750 nm, hSi = 180
nm, hAu = hSiO2 = 100 nm). Two different slot heights (hslot = 80 and 100 nm) have
been considered. An 80 nm slot confines more light than a 100 nm slot thus expects to
show high effective index change. Figure 5.23 shows the ∆Re(ne f f ) variation with hbio
for hslot = 80 and 100 nm, shown by the red and blue solid lines, respectively. HSCPW
surface sensitivity (Ssur f ace = ∆Re(ne f f )/hbio) has been investigated and plotted in Fig.
5.24. The waveguide sensitivity increases with the bio-layer thickness (hbio) as the more
light interacts with the bio-molecules attached to the slot regions. The Ssur f ace shows
higher values for hslot = 80 nm compared to the hslot = 100 nm, shown by the red and
black solid lines, respectively. The Ssur f ace values for hslot = 80 and 100 nm are around
0.0025 and 0.0019 RIU/nm, respectively. Besides, the effectiveness of HSCPW for bulk
sensing also have been studied and the obtained results are shown in Fig. 5.25. Here,
different percentages of sucrose solution are considered to cover the top clad and the
nano-dimensioned slot region. HSCPW with two different slot heights, hslot = 80 and 100
nm have been used and the corresponding responses have been indicated by red and black
solid lines, respectively. The Sbulk increases linearly with the concentration of sucrose
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solution. Similar to surface sensing, the HSCPW with hslot = 80 nm shows greater bulk
sensitivity (Sbulk) than that with hslot = 100 nm. The Sbulk values for hslot = 80 and 100
nm are around 0.83 and 0.85 RIU/RIU, respectively.
5.4 Summary
In summary, a composite plasmonic waveguide (HSCPW) is investigated where a porous
ZnO layer is used as a horizontal slot for ethanol vapour sensing. A ~H-field based FV-
FEM is used for analyses. These simulations revel that the HSCPW can guide a hybrid
plasmonic supermode, comprises of SPPs and dielectric mode, over a sufficiently long
distance. A nano-scale (450 nm × 100 nm) field confinement is obtained and then exploited
to detect the refractometric changes due to ethanol vapour absorption and condensation.
All the design parameters are optimised for the best possible result. The proposed HSCPW
shows a high waveguide sensitivity 0.7 per RIU for 40% porous ZnO layer as horizontal
slot. This HSCPW is used in both arms of a compact Mach-Zehnder interferometer (MZI)
to measure the refractive index change. The MZI output power with different volume
fraction of absorbed ethanol into P-ZnO for various porosity also have been analysed
and reported. Different phase sensitivities (0.30, 0.34, 0.38, and 0.40) for the proposed
sensors are observed for 51.57%, 52.05%, 52.59%, and 53.16% ethanol condensation into
horizontally slotted ZnO layer with porosity, P = 30%, 40%, 50%, and 60%, respectively.
Thus, numerically simulated investigation successfully serves a demonstration of label
free ethanol vapour sensor using a coupled SPP and dielectric field confined in a low
index nano-scale horizontal slot. In practice, due to simplicity this compact HSCPW can
be easily achieved with modern fabrication technologies and advanced surface chemistry.
Based on the reported results, the present work shows a potential application of this
composite plasmonic waveguide in environmental gas and vapour sensing mechanism.
Through a rigorous numerical study, a novel design of horizontal slotted composite
plasmonic waveguide (HSCPW) is proposed and optimised to perform as a bio-sensing
device. When a ssDNA attaches with the poly-L-lysine linker layer and a complementary
ssDNA combines with another probe ssDNA to reform a dsDNA, a noticeable change in
effective index and power confinement into bio-layer have been observed. Each step of
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DNA hybridisation was successfully detected with the help of hybrid surface plasmonic
supermode confined into nanometer wide horizontal slot region. Our proposed HSCPW
performs better compared to pure dielectric based vertical and horizontal slot waveguide.
The reported results in this work are useful for the design of on-chip integrated MZI and
coupler based bio-sensors. An optimisation of waveguide design parameters has been
reported for the operating wavelength of 1550 nm. The FEM modelling of a bio-sensor
HSCPW design also provides a valuable intuition which may be useful for other waveguide
based sensing applications.
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METAL STRIP LOADED HYBRID PLASMONIC WAVEGUIDE AS
A TEMPERATURE AND LIQUID CONCENTRATION SENSOR
6.1 Introduction
O
n-chip integrated photonic and plasmonic sensors have great potential in
applications for biochemical industries, real-time rapid medical diagnosis,
early-stage detection of critical diseases, DNA characterisations, environmen-
tal monitoring, food and water quality screening, pharmaceutical industries, particle
tracing and tweezing etc. [Passaro, La Notte, Troia, Passaquindici, De Leonardis and
Giannoccaro, 2012; Passaro, Tullio, Troia, Notte, Giannoccaro and Leonardis, 2012; Ho-
mola et al., 1999; Homola, 2003]. Several electronic and mechanical sensors have already
been commercialised to achieve these functionalities but with a lower detection accuracy,
bulky design, and high-power consumption. In recent years, integrated optical technology
based sensors are gaining interests as attractive alternative approaches to the electronic
technology due to its immunity from electromagnetic interference (EMI), compact portable
lab-on-a-chip scale design for low-cost mass production, suitable for real-time monitoring,
low power requirements, remote operation, fast response and above all, a much higher
sensitivity for accurate detection of targets even at the atomic level. Monitoring and
control of most fundamental parameters of organic, inorganic, and hazardous chemical
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solution such as temperature and concentration of analyte represent a major concern to
the biochemical industries and health organisations for improvement of their manufac-
turing process and protection of public health from hazardous accidents. Instead of the
commonly used thermocouple and resistance thermometer, optical temperature sensors
are attracting substantial interests. Refractometric based photonic sensors inscribed
with guiding materials of large thermo-optic coefficients (TOC) are promising in many
biochemical applications, such as DNA, RNA, and protein precipitation from aqueous
solution [Tan and Yiap, 2009; Chen et al., 2010] and temperature sensitive biochemical
characterisations where distinct chemical behaviours depend on a small fractional change
in temperature [Chen et al., 1994].
In recent years, various optical fibre based device configurations, e.g. fibres with Bragg
gratings [Hirayama and Sano, 2000; Rao et al., 1997], in-line interferometer [Sun et al.,
2012; Qiu et al., 2012], graphene assisted microfibre interferometer [Sun et al., 2016],
surface plasmon resonance (SPR) supported fibre sensors [Zhu et al., 2017; Weng et al.,
2017], modal interferometers in microstructured optical fibres (MOFs) [Qiu et al., 2012;
Deng et al., 2017] have been developed and investigated for temperature monitoring.
However, on-chip integrated optical temperature sensors based on ring resonators [Kim
et al., 2010; Klimov, Berger and Ahmed, 2015], Fabry-Perrot cavities [Klimov, Purdy and
Ahmed, 2015], Bragg reflectors [Chang and Solgaard, 2013; Klimov, Mittal, Berger and
Ahmed, 2015], and interferometers [Irace and Breglio, 2003; Tao et al., 2015] have also
been demonstrated and are envisaged to be favourable candidates for integration with
electronic circuits for lab-on-a-chip information processing and calibration compared with
their fibre-optic siblings. All these sensing mechanisms are restricted to a much lower
temperature sensitivity of around 70 - 80 pm/◦C. Recently published reports by Guan
et al. [Guan et al., 2016] and Zhang et al. [Zhang et al., 2016] have demonstrated an
improved sensitivity of 172 pm/◦C and 162.9 pm/◦C for Si/SU-8 hybrid waveguide assisted
MZI sensor and Si/SU-8 based photonic crystal nanobeam cavities, respectively. Besides
temperature sensing, an accurate detection of chemical concentration is of considerable
interest in biomedical research and chemical industries [Tan and Yiap, 2009; Chen et al.,
1994; Liu et al., 2013b; Nam et al., 1999]. Different exotic waveguide schemes such as
disk [Wang, Guan, Huang, Zheng, Shi and Dai, 2013], ring [Claes et al., 2009; Chandran
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et al., 2017] and straight resonators [Ghosh and Rahman, 2017b; Hameed et al., 2017],
sub-wavelength gratings [Flueckiger et al., 2016], and interferometers [Sun et al., 2015a]
are proposed and evaluated as biochemical sensors depending on the changes of mode
effective index (ne f f ) by homogeneous or bulk sensing and localised or surface sensing. A
recent report shows a maximum isopropanol refractometric sensitivity of 160 nm/RIU for
a hollow hybrid plasmonic MZI liquid sensor [Sun et al., 2017].
In this chapter, we introduce a novel metal strip loaded horizontal slot hybrid plas-
monic waveguide (MSLHSHPW) assisted asymmetric unbalanced Mach-Zehnder inter-
ferometer (MZI) with dynamic sensing ability. In MSLHSHPW, a nano-scale low index
plasmonic slot region is formed by suspending a high index silicon (Si) slab on top of
a thin silver (Ag) layer deposited on silica (SiO2) buffer layer. The key objective of the
sensing mechanism would be to enhance light-matter interactions in the low index slot
region to obtain a high waveguide sensitivity to a small refractive index change of the
sensing material. Dominant quasi-TE mode of a vertical slot waveguide is highly sen-
sitive to the side-wall roughness resulting from dry-etching. It causes high scattering
loss. Due to the advantageous structural geometry the dominant quasi-TM mode is less
sensitive to the uneven side-walls. Thus, the horizontal slot provides lower scattering
loss [Sun et al., 2007] compared to vertical one and higher sensitivity in biochemical and
gas sensing applications [Ghosh and Rahman, 2016, 2017a; Kumari et al., 2016, 2018].
The waveguide design parameters optimisations for the maximum sensitivity have been
investigated by using our in-house accurate two-dimensional full-vectorial finite element
method (FV-FEM). The least squares boundary residual (LSBR) method along with the
FV-FEM has also been used to obtain scattering matrices at waveguide discontinuity
junctions. The MZI consist of non-identical waveguides in sensing and reference arms.
The MSLHSHPW incorporated sensing arm with isopropanol in cover and the slot region
provides a negative temperature dependent phase change whereas, the reference arm
with SiO2 clad Si/SiO2/Si dielectric horizontal slot (DHS) waveguide guides the mode
with positive temperature dependent phase change. Thus, the opposite phase changes in
both arms offer a much higher phase difference for a small temperature variation. The
same MZI configuration is also capable to detect a small fractional change of isopropanol
concentration in a water/isopropanol binary solution for a fixed temperature. Thus, our
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proposed MZI sensor not only have a high response to refractive index based temperature
sensing but also have an excellent ability to detect liquid concentration which is promising
for a lab-on-chip sensor arrays. To the best our knowledge, no such on-chip integrated
photonic device has been reported which shows a single optimised device design that is
highly sensitive to temperature and refractometric changes of volume concentration of
liquids.
6.2 Optical Properties of the Waveguide Materials
6.2.1 Silicon (Si), Silica (SiO2), and Isopropanol(C3H8O) Solution
The tetravalent metalloid, Silicon (Si) has a great importance in CMOS friendly photonics
devices. It is a member of Group 14 in the periodic table. Si is opaque and transparent
under visible and infra-red (IR) region of the spectrum, respectively. It is mostly found
in nature in the form of silica (SiO2). For waveguide modelling, bulk material refractive
indices variations with temperature and wavelength are of high interest. The Si refractive
indices dependence on wavelength and temperature are obtained from the Sellmeier
equation [Li, 1980], valid for the near to mid-IR wavelength and temperature range of 1.2
to 14 µm and -173 to 476 ◦C (100 to 750 K), respectively.
n2Si(λ,T)= n20(T)+ (A0+A1T+A2T2) ·
F(T)
λ2
(6.1)
where,
n20(T)= 11.4445+2.7739×10−4T+1.7050×10−6T2−8.1347×10−10T3 (6.2)
F(T)= e−3
d(δF(T)/F293)
dT (6.3)
here, for 20K <T < 293K ,
d(δF(T)/F293)
dT
=−4.149×10−7−9.24×10−10T+4.446×10−11T2 (6.4)
and for 293 K <T < 1600 K ,
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Figure 6.1: Si refractive index variations with wavelength (λ) and temperature (T).
d(δF(T)/F293)
dT
=−1.887×10−6−3.868×10−9T+13.632×10−13T2 (6.5)
and A0 = 0.8948, A1 = 4.3977×10−4, A2 = 7.3835×10−3. The Eq. 6.2 gives the refractive
index of Si at the room temperature. Figure 6.1 shows the wavelength and temperature de-
pendent refractive indices of Si, obtained from Eq. 6.1 with TOC (dn/dT) of 1.83×10−4/◦C.
SiO2 has positive TOC (dn/dT) of +1.1×10−5 /◦C and its refractive indices have been
calculated by the three term Sellmeier equation in [Malitson, 1965].
n2SiO2 = 1+
B0λ2
λ2−C20
+ B1λ
2
λ2−C21
+ B2λ
2
λ2−C22
(6.6)
here B0,1,2 and C0,1,2 denote the material property parameters and absorption coefficients
and they are, B0 = 0.6961663, B1 = 0.4079426, B3 = 0.8974794, C1 = 0.0684043, C2 =
0.1162414, and C2 = 9.896161. The temperature dependence of the material refractive
index is obtained by,
nT = nT0 + (T−T0) ·
dn
dT
(6.7)
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Figure 6.2: SiO2 refractive index variations with wavelength (λ) and temperature (T).
where nT0 and nT are the refractive indices of the material at a known and desired
temperature T0 and T, respectively. Using Eqs. 6.6 and 6.7, SiO2 refractive indices
depending on both wavelength and temperature have been calculated and shown in Fig.
6.2.
Liquid isopropanol is used as an temperature sensitive material because of its high
negative TOC of −4.5× 10−4/◦C. Isopropanol refractive index dispersion is obtained
from a least-squares approximation based Sellmeier equation [Sani and Dell’Oro, 2016]
acceptable for the wavelength range of 0.185 to 2.8 µm.
n2isopropanol = 1+
D1λ2
λ2−D2
+ D3λ
2
λ2−D4
(6.8)
where the material and absorption coefficients are, D1 = 0.0107±0.0003, D2 = 8.88±
0.03, D3 = 0.8702±0.0002, and D4 = 0.01036±0.00002. Refractive index variation with
temperature for each wavelength also have been studied by Eq. 6.7 and the corresponding
refractive index data have been shown in Fig. 6.3.
It can be seen from the Figs. 6.1 and 6.2 that with the temperature increases, Si
and SiO2 refractive indices increase linearly but compared to Si, SiO2 refractive index
increases slowly because of its lower TOC value. Besides, isopropanol refractive index
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Figure 6.3: Isopropanol (C3H8O) refractive index variations with wavelength (λ) and
temperature (T).
in Fig. 6.3 decreases with temperature and also its decrement or variation rate is much
higher than the Si and SiO2 thus isopropanol is more temperature sensitive than other
two dielectric materials.
In our design, aqueous solution of isopropanol has been considered as a target liquid
for the analysis of chemical concentration detection. Thus, it is mandatory to calculate the
refractive indices of isopropanol-water solution for different concentrations of isopropanol
and water. Instead of using arithmetic weighting equation, we have used more efficient
the Lorentz-Lorenz [Garahan et al., 2007] method in determining the equivalent refractive
index (neq) of the binary mixtures and is given by,
n2eq−1
n2eq+2
= (1−V )
(
n2isopropanol −1
n2isopropanol +2
)
+V
(
n2water−1
n2water+2
)
(6.9)
here V defines the volume fraction of the water in the -isopropanol-water solution. The
neq of the mixture solution for different volume fraction of isopropanol and water has
been evaluated from Eq. 6.9 and illustrated in the Fig. 6.4.
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Figure 6.4: Equivalent refractive index (neq) and index difference (∆n) of the isopropanol-
water solution depending on the volume fraction (V%) of isopropanol (C3H8O) and water
(H2O) at the temperature, T = 20◦C. Isopropanol and water concentrations are highlighted
in red and blue, respectively along the x-axis.
6.2.2 Metal - Silver (Ag)
The noble metal, silver (Ag) is used for the design of the HSHPW. The wavelength
dependent dielectric permittivity (²Ag) can be obtained appropriately from the Drude
model [Bohren and Huffman, 2008].
²Ag(λ)= ²r+ j²i = ²∞−
ω2p
ω(ω+ jωc)
(6.10)
here ²∞ is associated with absorption peaks in the spectrum at very high frequency,
ω>>ωc. ωc and ωp are defined as the collision and plasma frequency. The values of ²∞
and ωc are taken as 3.1 and 0.031×1014 rad/s, respectively. The plasma frequency (ωp)
has a strong temperature dependency and is given by,
ωp =ωp0.e−AV (T0).(T−T0)/2 (6.11)
where ωp0 and AV are the plasma frequency at the ideal or room temperature, T0 = 25◦C
and thermal volume expansion coefficient (AV = 3×(AL = 18.96×10−6/◦C)= 5.7×10−5/◦C)
of Ag, respectively. In determining the thermal expansion of metal layer in the normal
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direction, the modified form of the linear expansion coefficient (A′L) is used and it is given
by,
A′L = AL
1+µ
1−µ (6.12)
where µ is the Poisson number of Ag, µ = 0.37. The dispersion of real and imaginary
part of the silver (Ag) dielectric constant using above mentioned formulae for the room
temperature (T = 25◦C) is shown in Fig. 6.5. Dielectric constants of Ag for any desirable
temperature can easily be determined by the Eqs. 6.10 - 6.12.
Figure 6.5: Dispersion of real and imaginary dielectric constants (²r and ²i, respectively)
of silver (Ag) at the room temperature (T = 25◦C).
6.3 Hybrid Plasmonic Waveguide Incorporated
Mach-Zehnder Interferometer
A single output, unbalanced, asymmetric arm and unequal power split/combine MZI is
used as a transducer device in the detection of a small refractive index change of iso-
propanol depending on either temperature and volume concentration of isopropanol
solution. The complete optical characterisation set-up and a schematic diagram of
MSLHSHPW (in sensing arm) and DHS (in reference arm) incorporated MZI are shown
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Figure 6.6: Optical characterisation set-up (a) and schematic top view (b) of the metal strip
loaded hybrid plasmonic waveguide (MSLHSHPW) incorporated MZI. The MSLHSHPW
is butt-coupled with SiO2 clad dielectric horizontal slot (DHS) waveguide at both ends
in the sensing arm of length, LRef = 2L(DHS)+LMSLHSHPW . Only DHS is employed
in the reference arm having four bending sections of radius, RB = 5 µm and three
straight sections, LR1, LR2, and LR3. Thus, total length of the reference arm is LRef =
2piRB+LR1+LR2+LR3.
in Figs. 6.6(a) and (b), respectively. The light from a tunable CW laser can be launched
into MZI with the help of a grating coupler. The isolator can be used to prevent unwanted
feedback to the CW laser cavity. The polarisation controller is set-up at the input for allow-
ing only TM mode. At the device end, an optical fibre is used to carry the characterisation
response to a high precision optical spectrum analyser (OSA) for further analyses.
The MSLHSHPW, shown in Fig. 6.7, is inserted in between fixed length SiO2 clad
DHS waveguides (LDHS = 10µm) on both sides, together they form the sensing arm of
length, LSen = 2 ·LDHS +LMSLHSHPW . On the other hand, the reference arm of length
LRef consists of only SiO2 clad DHS with four 90◦ bends of radius RB = 5µm (very
low bending loss, thus, neglected in further calculations) and straight sections (LR1,
LR2, and LR3) to make the device feasible to change the arm length for calibration of
frequency spectral range (FSR) and sensitivity (SD). Thus, the LRef can be expressed
as, LRef = (2piRB)+LR1+LR2+LR3. The DHS straight section, LR2 is considered to have
same length as LMSLHSHPW in sensing arm. Therefore, only LR1 and LR3 (LR1 = LR3)
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Figure 6.7: 3D schematic diagram of the hybrid plasmonic waveguide assisted sensing arm
section. The metal strip loaded horizontal slot hybrid plasmonic waveguide (MSLHSHPW)
acts as an active sensing region. The MSLHSHPW is butt-coupled with the SiO2 clad
dielectric horizontal slot (DHS) waveguide at both ends. The inset figure shows a cross-
section of the MSLHSHPW.
are left free of length calibration. The MZI has SiO2 cladding as cover medium except for
MSLHSHPW that creates a sensing window, by which the liquid isopropanol is infiltrated
in the sensing region (slot + cover medium).
6.3.1 Metal Strip Loaded Horizontal Slot Hybrid Plasmonic
Waveguide (MSLHSHPW)
The metal suspended horizontal slot hybrid plasmonic waveguide (MSLHSHPW) supports
a low index guided slot mode which is a combination of photonics and plasmonic modes
arise from dielectric-dielectric (Si/isopropanol) and dielectric-metal (isopropanol/Ag) inter-
faces, respectively. The 3D schematic of MSLHSHPW structure is shown in Fig. 6.7 which
contains a nano-dimension slot in between suspended Si slab and Ag layer deposited on
top of SiO2 substrate. The MSLHSHPW is butt coupled to SiO2 clad Si/SiO2/Si dielectric
horizontal slot (DHS) waveguides at both ends (J1 and J2). Thus, the Si slab forms a
bridge over the metal layer and offers a plasmonic slot that is exploited as a sensing region
in our proposed design. Inset of Fig. 6.7 shows the cross-section view of the MSLHSHPW.
The plasmonic waveguide design, optimisations and performance analyses demand a
powerful mode solver to solve the partial differential equations (PDEs). In most cases,
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the PDEs for plasmonic problems are much complex to be solved by using conventional
analytical and semi-analytical approaches. An in-house ~H-field based full-vectorial finite
element method (FV-FEM) has been developed [Rahman and Davies, 1984a] and refined
[Rahman and Davies, 1984b; Ghosh and Rahman, 2017a,b] over thirty years, discussed
in previous chapters, is used for the modal solutions. The variational formulation used
for 2D FV-FEM (Section 3.3) is modified by considering local dielectric constant of each
discretised element for the elimination of spurious modes, particularly for plasmonic
waveguides so that their Euler equations not only follow the Helmholtz equation but also
satisfy the Maxwell’s two divergence equations (Section 3.3.1).
The modal phase constant (β) and effective index (Ne f f = ne f f − jke f f =β/k0− jα/k0)
can be evaluated from the eigenvalues. Here α is the mode attenuation constant in
Np/m and k0 = 2pi/λ0 is the plane wave phase constant in free-space and λ0 is free-
space wavelength of light. An accurate solution of a plasmonic waveguide requires a
sufficient dense mesh distribution around the metal film to resolve the sub-wavelength
field confinement. Our flexible meshing technique associated with FV-FEM helps in
this regard. The mode propagation length (Lp =λ/4pike f f , the waveguide length where
the guided mode power is 1/e times of its initial value) and mode power attenuation
(α′ = 4.343/Lp in dB/µm) are also important in evaluation of plasmonic waveguides.
Optimisation to maximum waveguide sensitivity requires a rigorous assessment of power
confinement factor (Γ) in the specific regions (slot and sensing regions) which can be
defined as
Γ∆ =
Î
∆Re(~E× ~H∗) dxdyÎ
∞Re(~E× ~H∗) dxdy
(6.13)
here ∆ represents the horizontal slot and/or cover medium, together forms the sensing
region. The vectorial ~E and complex conjugate of ~H (~H∗) fields are used to formulate
the modal Poynting vector. Two butt-coupling junctions (J1 and J2) of the MSLHSHPW
and DHS waveguide in the MZI sensing arm create waveguide discontinuities. The least
squares boundary residual (LSBR) method (Section 3.6) is used in conjugation with
FV-FEM for rigorous investigations of power transfer and transmission loss of these two
butt-coupled waveguides.
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6.3.2 Design and Optimisation of Waveguides
The sensing slot in MSLHSHPW is sandwiched between a thin metal (Ag) layer and
another suspended high index Si slab bridged between two DHS waveguides at both
the ends (Fig. 6.7, inset). The thin Ag layer on SiO2 buffer not only provides the sub-
wavelength confinement but also restricts penetration of evanescent field into the buffer
region. This restricted field that otherwise would have expanded into the dielectric
substrate for the all-dielectric slot waveguide is now guided through the low index
slot above the metal. This in turn increases the power confinement in the slot and
sensing region (slot + cover medium) compared to a conventional dielectric horizontal
slot waveguide. The MSLHSHPW dimensions, such as waveguide width (WSi), metal
thickness (HAg), Si slab height (HSi) and slot height (Hslot) are optimised to confine the
maximum power inside the low index slot region at the operating wavelength of 1550 nm.
In this case, the slot and cover medium are considered to be filled with 100% isopropanol.
Throughout FV-FEM simulations, the existing one-fold symmetry is exploited and only
half of the waveguide is discretised with 1,280,000 non-uniform triangular elements with
minimum element size of 0.2 nm close to the metal surface to resolve the sub-wavelength
field confinement accurately.
Figures 6.8(a) and (b) depict the Hx and E y field distributions of the quasi-TM funda-
mental mode of the MSLHSHPW simulated by FV-FEM. The Hx field of the MSLHSHPW
shows maximum distributions in the top Si and moderate in low index isopropanol slot
region (Fig. 6.8(a)) whereas, its dominant E y field shows its maximum field confinement
in the low index horizontal slot region containing isopropanol, as preferred (Fig. 6.8(b)).
Figure 6.9 shows the simulated E y field profile of the quasi-TM mode of the DHS
waveguide. As expected, most of the light confined and guided by the low index slot
region. Figure 6.10 depicts the E y and Hx field line plot along y-axis of the dominant
quasi-TM mode of both waveguides. Figure 6.10(a) shows the 1D-line plot of the dominant
E y field and the lower part Fig. 6.10(b) shows the dominant Hx field. The red dashed
and solid blue lines depict the 1D field plot of the DHS and MSLHSHPW, respectively.
The quasi-TM Hx field of the DHS (red dashed line) is continuous and shows its two
peaks in the top and bottom Si layers and a lower value in the low index SiO2 slot. The
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Figure 6.8: (a) and (b) show the FV-FEM simulated quasi-TM Hx and E y-field distributions
of MSLHSHPW, respectively.
Figure 6.9: shows the FV-FEM simulated quasi-TM E y field distributions of the
Si/SiO2/Si dielectric horizontal slot (DHS) waveguide.
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Figure 6.10: The blue solid and red dashed lines represent the (a) E y and (b) Hx field line
plots along y-axis of the MSLHSHPW and DHS, respectively. Maximum quasi-TM E y
field confines in the slot which is highly sensitive to a small refractive index change in
that region.
dominant E y field of the similar waveguide shows a symmetric distribution along y-axis
with maximum confinement in the slot. The quasi-TM Hx field of the MSLHSHPW shows
a positive peak in the Si layer and a small negative peak can also be observed in the
thin Ag layer. On the other hand, the dominant E y confines maximum in the low index
isopropanol contained slot and moderate in the top clad region (blue solid line). Moreover,
in the MSLHSHPW, a very low ∼0.1% light confines in the Ag+SiO2 buffer layer which
in turn enhance the light confinement in the slot.
Variations of ne f f , α′(dB/µm) and slot confinement (Γslot) of MSLHSHPW with HAg
are shown in Fig. 6.11. The inset figure shows the confinement in the Ag layer (ΓAg)
against HAg. Other parameters, WSi, HSi and Hslot are kept fixed at 700, 150 and 100
nm, respectively. It can be observed that for the fixed values of WSi, HS i and Hslot, the
HAg variations within the range of 80 to 1000 nm have no effect on ne f f , α′, and Γslot. But
for HAg value lower than 80 nm, all four parameters increase rapidly. Γslot increases from
its base value of 58.59% to 59%. But, the confinement in the lossy Ag layer (ΓAg) jumps
from its base value of 0.101% to a high 4.044%, which results in a larger change of α′
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Figure 6.11: Effective index (ne f f ), mode power attenuation (α′) and slot confinement
(Γslot) variations with the thickness (HAg) of silver metal film deposited on the SiO2
buffer layer. The inset figure shows the confinement (ΓAg) variation of the Ag layer
against HAg. Other parameters such as, Si slab width (WSi), height (HSi) and slot height
(Hslot) are kept fixed at 700, 150 and 100 nm, respectively.
form 0.037 dB/µm to 0.12 dB/µm which is unacceptable for this design. With the variation
of the temperature, Ag metal thickness may be expanded in the normal direction. Thus,
over the complete range of temperature variation (20◦C − 60◦C), using the augmented
thermal expansion coefficient expression Eq. 6.12, shows only a 0.16% HAg increment
in its thickness, where µ = 0.37 is the Poisson number of Ag. Such a small thickness
variation of the Ag metal film with temperature would have negligible effect on ne f f ,
α′(dB/µm) and Γslot.
The contour plots in Figs. 6.12(a) and (b) show a combined effect of WSi and HSi
on the ne f f and Γslot, respectively. Here, HAg and Hslot are fixed at 150 and 100 nm,
respectively. In this case, ne f f increases faster with the HSi for a fixed WSi than that
of the Wsi increase for a fixed HSi. The Γslot contour distribution shows an enhanced
slot confinement of over 50% for the WSi and HSi range of 700 to 800 nm and 100 to
180 nm, respectively. An abrupt Γslot variation is observed when WSi > 800 nm and
HSi is in the range of ∼150 to 300 nm. This local change has been identified due to
the influence of 2nd order quasi-TE mode (more light confines in the Si slab) within a
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Figure 6.12: The contour plots in (a), (b), and (c) show the variations of ne f f , α′ (dB/µm),
and Γslot as a function of WSi and Hslot. The Hslot and HAg are kept fixed at 100 and 150
nm, respectively. An abrupt variation of Γslot is observed due to the other higher order
quasi-TE mode in a close proximity of the quasi-TM fundamental mode.
close proximity of the quasi-TM fundamental mode. Figure 6.12(c) shows the quasi-TM
modal loss (α′) depending on both WSi and HSi. The contour plots depict that the HSi
has a greater influence on α′, compared to WSi. With the increase of HSi, the light is
more guided by the high index Si that corresponds a small modal loss. However, as the
WSi increases, the α′ does not show significant change for a high value of HSi. But, for
a range of HSi, from 50 nm to 200 nm, the α′ changes significantly with WSi. In this
range, further investigations were carried out to identify the optimum values of these
design parameters. Figure 6.13 shows the Γslot, Γclad, and Γslot+Γclad variations against
WSi when the Hslot and HSi = HAg are fixed at 100 and 150 nm, respectively. The Γslot
increases with WSi, reaches a maximum value of 59.24% for WSi = 740 nm and then
decreases. On the other hand, Γclad shows a linear reduction with the increase of WSi. As
a result, the resultant Γslot+Γclad also decreases with the increase of WSi. The optimum
value of WSi is considered to be 740 nm which gives maximum slot confinement, Γslot =
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59.24% and corresponding Γslot+clad = 82.04%. Similarly, these confinement variations
with HSi have been shown in Fig. 6.14. In this case, the Γslot increases with HSi shows a
maximum confinement of 59.60% at HSi = 140 nm and then decreases. However, HSi =
140 nm has slightly higher loss (α′ = 0.038 dB/µm) compared to the 150 nm (α′ = 0.036
dB/µm). The Γclad decreases in a hyperbolic nature and shows Γclad = 22.80% when
HSi = 150 nm. Therefore, with the Γslot+clad = 82.04%, the optimum value of HSi is
considered to be 150 nm.
Figures 6.15(a) and (b) show the quasi-TM and TE power confinements (Γslot, Γclad,
and Γslot+clad) with Hslot when WSi, HSi and Hslot are kept fixed at 740, 150 and 150 nm,
respectively. Figure 6.15(a) shows that with the increment of Hslot, the Γslot of quasi-TM
mode, shown by a black solid line, increases and reaches its maximum value of 59.38% at
Hslot = 90 nm and then decreases gradually with further increase. The Γclad increases
with the Hslot shown by a red dashed line and shows a 22.80% power confinement for
Hslot = 100 nm. The resultant Γslot+clad, shown by a blue dashed-dotted line, shows a
bell-shaped variation with its peak value of Γslot+clad = 82.04% for 100 nm slot height
(shown by the right-hand side scale). On the other hand, the MSLHSHPW with Hslot =
90 nm has a comparatively higher loss (0.040 dB/µm) than that of the 100 nm (0.036
dB/µm).
Likely, Fig. 6.15(b) shows a similar variation with the Hslot for the fundamental
quasi-TE mode. Within the complete range (40 to 150 nm) of Hslot, the slot and clad
regions confine much lower power (Γslot and Γclad) than that of the quasi-TM mode. As a
result, the sensing region shows only ∼30 to 34% power confinement (Γslot+clad) within
the range of Hslot. The lower power confinement in the low index slot makes the quasi-TE
mode less sensitive to the small refractometric changes of liquid isopropanol.
Summarizing the above studies, it can be concluded that the fundamental quasi-
TM mode of MSLHSHPW is highly sensitive to slot refractometric changes. With the
optimising design parameters, the metal strip loaded MSLHSHPW has shown an en-
hanced performance in terms of the slot, sensing region power confinement (Γslot =
59.24%, Γslot+clad = 82.04%) and the mode power attenuation, α′MSLHSHPW = 0.036
dB/µm. Finally, all the optimised MSLHSHPW dimensions with 100% isopropanol can
be summarised as, Si slab/waveguide width (WSi) = 740 nm, height (HSi) = 150 nm, slot
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Figure 6.13: Variations of power confinement in slot (Γslot), clad (Γclad) and sensing
region (Γslot+clad) with WSi are shown in the figure. The solid black, red dashed and blue
dashed-dotted curves represent the Γslot, Γclad, and Γslot+clad variations, respectively.
Hslot and HSi =HAg are kept fixed at 100 and 150 nm, respectively.
Figure 6.14: Variations of power confinement in slot (Γslot), clad (Γclad) and sensing
region (Γslot+clad) with HSi are shown in the figure. The solid black, red dashed, and blue
dashed-dotted curves represent the Γslot, Γclad, and Γslot+clad variations, respectively.
WSi, Hslot, and HAg are kept fixed at 740, 100, and 150 nm, respectively.
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Figure 6.15: (a) and (b) show the power confinement (Γ) variations in the horizontal slot,
clad and sensing region (slot + clad) of the quasi-TM and TE modes against slot height
(Hslot). WSi and HSi = HAg are kept fixed at 740 and 150 nm, respectively.
height (Hslot) = 100 nm and the thickness of Ag strip (HAg) = 150 nm for the operating
wavelength of λ = 1550 nm.
6.3.3 MZI design with MSLHSHPW and DHS waveguides
During sensing process, the differential phase change (∆φ) between sensing and reference
arms of the MZI depends on the optical path difference (OPD) arises due to refractive
index change of sensing analyte as
∆φ = 2pi
λ
[(
ne f f ,DHS ·2LDHS+ne f f ,MSLHSHPW ·LMSLHSHPW
)− (ne f f ,DHS·LRef )] (6.14)
where ne f f with additional subscripts DHS and MSLHSHPW denote the real part of
the effective indices of the corresponding waveguide. Thus, for a plasmonic waveguide
assisted MZI, operating at a wavelength (λ) the output power (Pout) depends on the OPD
value through ∆φ and that can be expressed as [Berini, 2008]
Pout = 14 Pin
(
e−2αRef LRef + e−2αSenLSen
)
· (1+V cos∆φ) (6.15)
Here αRef and αSen represent the attenuation constants in Np/µm associated with the
reference and sensing arm waveguides, respectively and V represents the fringe visibility
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of the MZI output given as:
V = 2e
−αRef LRef eαSenLSen
e−2αRef LRef + e−2αSenLSen (6.16)
It is being assumed that the input power is distributed equally (Pin) in both the arms.
The MSLHSHPW in the sensing arm has a significant amount of quasi-TM modal loss
compared to the DHS which can be assumed to be loss-less (quasi-TM) [Sun et al., 2007]
i.e. αR = 0 and the transmittance, e−2αR LRef = 1 for a short length waveguide. Small
scattering loss in both the branches can be included separately if necessary. The mode
propagation loss in MSLHSHPW and butt-coupling losses at the junction 1 and 2 (J1
and J2) in sensing arm (Fig. 6.6(b)) affect the overall device output power and its fringe
visibility (V ). However, it can be compensated by tuning the coupling section (Lx) of the
input directional coupler so that, the sensing arm receives more power to balance the
device insertion loss and thus, also improve the interference fringe visibility (V ). Further-
more, the only unaccounted loss comes from the small attenuation perturbation (∆αS)
in the sensing MSLHSHPW during homogeneous refractometric changes of isopropanol
solution. Therefore, the formulation of the MZI output power (Pout) can be shown to be as:
Pout = 12
[
PinR +
(
PinS ·τJ1 ·τJ2 · e−2(αMSLHSHPW±∆αS)LMSLHSHPW
)](
1+V ′ · cos∆φ) (6.17)
where the modified form of the fringe visibility (V ′) is given by
V ′ = 2
√
PinR ·PinS ·τJ1 ·τJ2 · e−(αMSLHSHPW±∆αS)LMSLHSHPW
PinR +PinS ·τJ1 ·τJ2 · e−(αMSLHSHPW±∆αS)LMSLHSHPW
(6.18)
The PinR and PinS represent the unequally distributed input power at the reference and
sensing arms, respectively. The τJ1 and τJ2 denote the transmittance at the waveguide
discontinuities J1 and J2, respectively and αMSLHSHPW is the quasi-TM mode attenua-
tion constant of the MSLHSHPW. The frequency spectral range (FSR) of the plasmonic
waveguide assisted MZI is calculated as
FSR = λ
2[(
ng,DHSLDHS+ng,MSLHSHPW LMSLHSHPW
)−ng,DHSLRef ] (6.19)
where λ, ng,DHS, and ng,MSLHSHPW are the operating wavelength and group index of
DHS and MSLHSHPW, respectively. In our design, the key point is to achieve a highly
sensitive temperature sensor design to increase the differential phase change between
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the two arms. This is achieved by light guiding through materials with negative and
positive TOCs in sensing and reference arms, respectively. The temperature sensitivity
(ST ) of the MZI device i.e. the wavelength shift (∆λ) of destructive fringes with respect to
temperature (T) is defined as [Dwivedi et al., 2013]
ST =
FSR ·
[{(
dne f f ,DHS
dT
)
·LDHS+
(
dne f f ,MSLHSHPW
dT
)
·LMSLHSHPW
}
−
(
dnef f ,DHS
dT
)
·LRef
]
λ
(6.20)
The sensing arm of the MZI consists of active and optimised isopropanol filled
MSLHSHPW butt-coupled with DHS waveguides at both the ends. The waveguide dis-
continuities at the MSLHSHPW-DHS junctions (J1 and J2) incur additional coupling
losses along with the inherent plasmonic mode propagation loss of the MSLHSHPW.
These waveguide discontinuities have been analysed by using the LSBR (Section 3.6)
method and the result shows the transmission coefficient at the MSLHSHPW-DHS
junction is ρJ1 = ρJ2 = 0.85339. Thus, the junction transmittance has the value of
τJ1 = τJ2 = | ρ |2 = 0.73 which yields the insertion loss at each junction of 1.377 dB.
For the MZI design purpose, we have considered three different MSLHSHPW lengths
(LMSLHSHPW ) such as 20, 30, and 40 µm. These three waveguide lengths provide the
transmittance (τMSLHSHPW = e−2αMSLHSHPW LMSLHSHPW ) values of 0.84, 0.78, and 0.71,
respectively. Thus, the total transmittance values (τSen = τJ1 ·τJ2 ·τMSLHSHPW ) of the
MSLHSHPW incorporated sensing arm for LMSLHSHPW = 20, 30, and 40 µm are 0.45,
0.41, and 0.38, respectively. An equal power division (50:50) at the reference and sensing
arms of this type of plasmonic waveguide assisted MZI will result in an imbalance of light
intensity at both the arms which in turn provides a poor interference fringe visibility (V )
at the output (Pout). Figure 6.16 shows how the coupling length (Lc) varies with the gap
between SiO2 clad two DHS waveguides. Optimised design parameters (WSi = 740 nm,
HSi = 150 nm, and Hslot = 100 nm) have been used for simulations. Figure 6.16 shows
that the coupling length (Lc) gradually increases with the increase of gap or separation
between the waveguides. Thus, to design a compact device the Lc need to be chosen
carefully.
The shortcoming arises due to equal power distribution of the conventional 50:50
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Figure 6.16: Variation of the coupling length (Lc) with gap or separation of the dielectric
horizontal slot (DHS) based coupler. Inset shows the cross-section of the Si/SiO2/Si DHS
waveguide coupler whose dimensions are taken as, WSi = 740 nm, Hsi = 150 nm, and
Hslot = 100 nm.
directional coupler in the hybrid plasmonic waveguide incorporated MZI can be mitigated
by using asymmetric power splitting in the sensing and reference arms. To obtain unequal
power splitting, the coupling section (Lx) of the input directional coupler can be adjusted
depending on the power requirements in the sensing and reference arms. The required
power in the sensing arm can be calculated by
Pin−Sen =
1
(1+τSen)
(6.21)
and reference arm by
Pin−Ref = (1−Pin−Sen) (6.22)
Figure 6.17(a) shows a graphical representation of the Pin−Sen and Pin−Ref require-
ment depending on the length of MSLHSHPW (LMSLHSHPW ) used for sensing. As the
junction (J1 and J2) losses due to waveguide discontinuities are constant, so the only
variable loss is considered for power fraction calculation is the modal loss due to different
LMSLHSHPW . With the increment of LMSLHSHPW from 10 to 50 µm, the mode propaga-
tion loss increases from 0.36 to 1.84 dB. To counter that, the input power distribution ratio
(Pin−Sen/Pin−Ref ) needs to be changed from 67% / 33% to 74% / 26%. The required Pin−sen
and Pin−Ref for LMSLHSHPW = 20, 30 and 40 µm are 0.69, 0.71, 0.72 and 0.31, 0.29 and
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Figure 6.17: (a) depicts the input power requirements in the sensing (Pin−Sen) and the
reference arms (Pin−Ref ) depending on the MSLHSHPW length (LMSLHSHPW ) in the
MZI sensing arm. (b) shows the desired coupling section (Lx) variations of the input
directional coupler as a function of MSLHSHPW length (LMSLHSHPW ) and gap.
0.28, respectively, shown by the red and blue lines. These unequal power distributions
not only compensate the losses in sensing arm but also improve the Pout with a very
high interference fringe visibility (V ∼ 1), which is highly required for an accurate output
measurement. The asymmetric power distribution demands an appropriate tuning of
coupling section at the input directional coupler. Figure 6.17(b) represents the desired
coupling section (Lx) variations of SiO2 clad DHS waveguide based directional coupler
(inset of Fig. 6.16) as a function of gap (separation) between two DHS waveguides and the
LMSLHSHPW . The desired length of the coupling section (Lx) can be calculated from the
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original coupling length (Lc) and the Pin−Sen as,
Lx = 2Lc
pi
· cos−1
√
Pin−Sen (6.23)
The Lx value increases as the gap increases form 250 nm to 450 nm. Moreover, with
the increase of LMSLHSHPW the Lx linearly decreases for a constant gap. For a smaller
gap, the Lx has a smaller value than that of a higher gap. Hence, depending on user’s
preferences, one can easily select a suitable gap and the corresponding Lx values for
different hybrid plasmonic waveguide length (LMSLHSHPW ). As an example, for the gaps
of 350 and 400 nm, the Lx values for LMSLHSHPW = 20, 30, and 40 µm are 10.99, 10.64,
10.29 µm and 13.98, 13.53, and 13.09 µm, respectively, to achieve the required asymmetric
power distributions.
6.4 MZI Transducer: Performance Evaluation
A well designed MZI sensor needs a significant attention on the calibration of free spectral
range (FSR) and interference fringe visibility (V ′) of the output power, Pout. After setting
up the optimised waveguide design parameters for the MZI arms, LMSLHSHPW and Lx for
the input directional coupler, the FSR and V ′ parameters are investigated and evaluated
as a function of LRef and LMSLHSHPW , respectively. The fringe visibility will have the
maximum value (V = V ′ = 1) when the two MZI light beams have equal intensity.
Inherent modal and junctional losses drop the sensing arm light output thus degrade
the interference fringe visibility. With the unequal power distributions, more power is
launched at the sensing arm input which not only balance the losses but also provides
equal output at both MZI arms.
Figure 6.18 depicts the advantages of using an unequal power distribution over the
more traditional 50:50 power splitting. The black line indicates a significant reduction
of the V parameter with the increase of LMSLHSHPW . However, the unequal power
splitting shows a significant improvement with almost ideal value of V ′ ' 1. Under this
condition the V ′ parameters are calculated with the augmented visibility equation (Eq.
7) and the results show a very high fringe visibility (V ′ ' 1) for all LMSLHSHPWs in
expenses with increasing insertion loss. For these three LMSLHSHPWs (20, 30, and 40
µm) incorporating unequal power splitting the device insertion losses are 2.06, 2.32, and
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Figure 6.18: shows the fringe visibility (V , V ′) of the MZI interference output with
equal and unequal power splitting. For the 50:50 equal and unequal power splitting, the
V-parameters are calculated using Eq. 6.16 and 6.18, respectively.
2.56 dB, respectively when 100% isopropanol is used at temperature T = 20 ◦C. Beside the
visibility, the FSR is another important parameter which indicates the frequency spacing
of the MZI transmission peaks. A unit wavelength changes with very small power change
results in a large FSR which may be unacceptable due to added difficulties in detection of
the interference wavelength by optical spectrum analyser (OSA). Thus, as a compromise,
a relatively small FSR values of 10 and 15 nm have been considered and the arm lengths
are calibrated accordingly. The FSR is calculated as a function of LRef and LSen (Eq.
6.19) and the results are shown in Fig. 6.19. The variations indicate that the lower FSR
requires higher LRef for a fixed LMSLHSHPW . The horizontal black dashed lines indicate
the 10 and 15 nm FSR and its corresponding LRef values for a fixed LMSLHSHPW . In our
design, the LRef calibration only demands the change in the straight waveguide sections
(LR1, LR2, and LR3) as the bending sections of radius 5 µm cover a fixed length of LB =
31.42 µm. For the three fixed LMSLHSHPW values (20, 30, and 40 µm) the reference arm
length (LRef = 2piRB+LR1+LR2+LR3) with different sections to obtain FSR = 10 and
15 nm are tabulated in Table 6.1.
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Figure 6.19: illustrates the variation of the MZI FSR as a function of LRef for fixed
length of MSLHSHPW.
Table 6.1: Different sections of the MZI arms for calibrations of FSR.
FSR
(nm)
LMSLHSHPW
(µm)
Reference arm sections LRef
(µm)LB
(µm)
LR1 = LR3
(µm)
LR2
(µm)
10
20
31.42
28.5 20 108.42
30 38.0 30 137.42
40 37.5 40 146.42
15
20
31.42
23.5 20 98.42
30 23.0 30 107.42
40 22.5 40 116.42
Our aim is to design the MZI for temperature and volume concentration sensing of
any liquid. In this study, we have considered liquid isopropanol for our investigations.
The quasi-TM effective index difference (TM-∆ne f f ) of the optimised MSLHSHPW and
the DHS waveguide with the temperature for 100% isopropanol are shown in Fig. 6.20(a).
The red line shows a positive and linear ∆ne f f variation of SiO2 clad DHS waveguide,
whereas, the blue dashed line shows the same ∆ne f f variation of the MSLHSHPW but in
the negative direction. The positive and negative TM-∆ne f f variations of the MSLHSHPW
and DHS provide a temperature dependent opposite phase change in both arms which
enhance the temperature sensitivity of the complete MZI device. The quasi-TM effective
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index variation with temperature (dne f f /dT) of both the MSLHSHPW and DHS are
-4.61×10−4/◦C and +6.62×10−5/◦C, respectively. The black line in Fig. 6.20(b) represents
a negative quasi-TM ∆ne f f variation of the optimised MSLHSHPW with the volume
fraction of isopropanol in the isopropanol/water solution at a fixed temperature, T = 20◦C.
During volume concentration sensing, the temperature is kept fixed so that the only
refractive index change occurs at the MSLHSHPW due to the different concentration
of isopropanol in the solution. The refractometric sensitivity of the MSLHSHPW can
be evaluated as, SMSLHSHPW = ∆ne f f /∆n = 1.13. The MSLHSHPW shows a higher
refractive index sensitivity compared to a recently published complex hollow hybrid
plasmonic design scheme [Sun et al., 2017].
Figure 6.20: illustrates the variation of the MZI FSR as a function of LRef for fixed
length of MSLHSHPW.
6.4.1 Temperature Sensing
Figures 6.21(a), (b), and (c) on left show the transmitted Pout spectra for the proposed
MZI temperature sensor with LMSLHSHPW = 20, 30, and 40 µm, respectively for 10
nm FSR. Whereas, the figures in the right columns (6.21(d), (e), and (f)) depict the MZI
responses for the same three LMSLHSHPW values, but for 15 nm FSR. Different colour
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curves signify different temperatures (varied from 20◦C to 60◦C) of 100% isopropanol
infiltrated in the sensing MSLHSHPW region. It can be clearly observed that with the
temperature increment the MZI transmission spectra show the red shift (towards right)
because of a larger TOC of isopropanol compared to other materials such as Si, Ag and
SiO2. It should be noted that the wavelength shifts (∆λT ) increase with the increment of
LMSLHSHPW and FSR. A temperature variation from 20◦C to 60◦C for the MZI design
with LMSLHSHPW = 20, 30, and 40 µm shows the ∆λT of 4.25, 5.66, and 6.87 nm red
shift, respectively, for FSR = 10 nm. Similarly, for the same temperature variations with
aforementioned LMSLHSHPW lengths the output transmission spectra are red shifted
more by 5.48, 7.43, and 9.76 nm for FSR = 15 nm. Device insertion losses for 20, 30, and
40 µm long MSLHSHPW have the values around 2.06, 2.32, and 2.58 dB, respectively
and the corresponding extinction ratios are larger than 25 dB.
Figure 6.21: (a) - (f) MZI transmitted output power for the temperature sensing of 100%
isopropanol liquid. The figures (a), (b), and (c) on the left column indicate the transmission
spectra with the FSR value of 10 nm. The right-sided figures (d), (e), and (f) indicate the
same with the FSR = 15 nm. Figures in each row (a, d), (b, e) and (c, f) depict the output
responses of the MZI with 20, 30, and 40 µm long LMSLHSHPW , respectively.
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Figure 6.22: (a) and (b) represents the wavelength shift (∆λT ) variations with the changing
temperature of isopropanol for 10 and 15 nm FSR values, respectively. Slope of each
curve represent the MZI sensitivity (ST ) as a temperature sensor.
Figures 6.22(a) and (b) illustrate a linear increasing relationship of ∆λT with the
temperature (T) with 100% isopropanol concentration for 10 and 15 nm FSR, respectively.
For the temperature ranging from 20◦C to 60◦C, the ∆λT increases linearly with the
increment of the T for all MZI designs with LMSLHSHPW = 20, 30, and 40 µm are shown
by black, red, and blue lines, respectively. Changes for FSR = 10 nm are shown in
Fig. 6.22(a) and for FSR = 15 nm in Fig. 6.22(b) by dashed and dashed-dotted lines,
respectively. The device sensitivities (ST ) sensitivities can be evaluated from the slope
of the fitted curves with the R2 value of 0.999. Thus, for the MZI with LMSLHSHPW =
20, 30, and 40 µm has the temperature sensitivity (ST ) values of 105.2 pm/◦C, 140.6
pm/◦C, and 172 pm/◦C for FSR = 10 nm, respectively and 138.1 pm/◦C, 187 pm/◦C, and
243.9 pm/◦C, respectively for FSR = 15 nm which indicate much higher and promising
values compared to recent published results which are 172 pm/◦C in [Guan et al., 2016]
and 162.9 pm/◦C in [Zhang et al., 2016]. Additionally, our proposed design is expected to
work well in a wide temperature range from room temperature (∼20◦C) to the boiling
point of isopropanol (82◦C). Moreover, the sensing range (FSR/ST ) of the designed device
with LMSLHSHPW = 40 µm can be derived for 10 and 15 nm FSR as ∼58◦C and ∼61◦C,
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respectively. Detection limit (DLT ) is another important characteristic of a sensor that
illustrate the efficiency to resolve a smallest refractometric change of the target and it
can be defined as the ratio of resolution of the transmission spectra (λRes) to the device
sensitivity (ST ). The λRes of a device depends not only on the resolution of the source and
the measurement equipment (OSA) but also influenced by the extinction of the device and
the noise present on the measured spectra. Thus, instead of using a specific λRes value
for a laser source and OSA, we have considered the device λRes as 1 pm (approx.) for our
theoretical investigations and as a result, our design with 40 µm MSLHSHPW can have
the temperature detection limit or resolution (DLT ) of 0.0058◦C and 0.004◦C for the 10
and 15 nm FSR, respectively.
Figure 6.23: (a) - (f) indicate the MZI transmitted spectra for the volume concentration
sensing of the isopropanol/water solution at a fixed temperature of 20◦C. The figures (a),
(b), and (c) on the left column indicate the output transmission spectra with the FSR
value of 10 nm. The right-sided figures (d), (e), and (f) indicate the same with the FSR =
15 nm. Figures in each row (a, d), (b, e) and (c, f) depict the output responses of the MZI
with 20, 30, and 40 µm long LMSLHSHPW , respectively.
6.4.2 Chemical Sensing
Next, feasibility of the same MZI sensor for the detection of volume concentration of
isopropanol in the isopropanol/water solution at a constant temperature is also studied.
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For this study, we kept the temperature fixed at the room temperature of 20◦C. Fig-
ures 6.23 (a) - (c) show the MZI transmission responses of the 20, 30, and 40 µm long
MSLHSHPW as a refractometric sensor with the FSR values of 10 nm and 6.23 (d), (e),
and (f) for FSR = 15 nm. The black spectrum represents the transmission output for
100% isopropanol at T = 20◦C. Different colour spectra indicate different volume fraction
of isopropanol and they also show a red shift of the wavelength with the isopropanol
volume concentration (∆λC) which increase with the increment of both the LMSLHSHPW
and FSR. The extinction ratios for the device have the values larger than 20 dB and the
insertion losses were almost similar as those calculated with 100% isopropanol at T =
20◦C.
Figure 6.24: (a) and (b) represents the linear variations of wavelength shift (∆λC) with
the volume concentration of isopropanol for 10 and 15 nm FSR values, respectively. Slope
of each curve represent the MZI sensitivity (SC) as a chemical concentration sensor.
The ∆λCs with the refractometric changes of the isopropanol solution are plotted in
Figs. 6.24(a) and (b) for 10 and 15 nm FSR values, respectively. It can be observed that
the ∆λC linearly increases with the reduction of isopropanol volume concentration. The
horizontal x-axis indicates the refractive indices of isopropanol/water solution depending
on the volume concentration (100% to 0%) of isopropanol. The corresponding concentration
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sensitivities (SC) can be read from the slope of the linearly fitted curves with R2 = 0.999.
Thus, for the detection of isopropanol volume concentration, the sensitivity (SC) of the
designed MZI with LMSLHSHPW = 20, 30, and 40 µm reaches to 144.6 nm/RIU, 222.2
nm/RIU, and 290.3 nm/RIU, respectively for FSR = 10 nm and 218.1 nm/RIU, 327.6
nm/RIU, and 437.3 nm/RIU, respectively for FSR = 15 nm. These results show a
great improvement in liquid refractometric sensitivity compared to a recent published
experimentally demonstrated hybrid plasmonic waveguide based sensor design with a
sensitivity value of 160 nm/RIU [Sun et al., 2017]. It can be noted that the sensitivity
increases linearly with the FSR and sensor length, LMSLHSHPW . For the same OSA
wavelength resolution (λRes = 1 pm), our MZI sensor with 40 µm long MSLHSHPW shows
a considerable potential to measure the refractometric changes as small as 3.44×10−6 and
2.28×10−6 RIU for the 10 and 15 nm FSR, respectively. These results show an improved
refractometric sensitivity compared to the hybrid plasmonic MZI design reported recently
[Sun et al., 2017].
6.5 Fabrication Tolerance
A detail study on fabrication tolerance of the proposed design is highly important in order
to obtain a stable and robust sensing device. A best design of MSLHSHPW depends on
optimisation of waveguide parameters such as Ag layer thickness (HAg), height (HSi),
and width (WSi) of Si slab, and slot height (Hslot) to obtain a maximum power confinement
in the horizontal slot section. Here, the optimised waveguide design offers 59.24% and
82.04% slot and sensing region (slot+clad) confinement, respectively with the waveguide
design parameters such as HAg = 150 nm, WSi = 740 nm, HSi = 150 nm, and Hslot =
100 nm. Figure 6.11 indicates that the slot confinement (Γslot) and modal attenuation do
not show any significant changes with ±10% of HAg variation. Although, WSi and HSi
are optimised at 740 and 150 nm, respectively, however, it may differ during fabrication
processes. Figure 6.13 and 6.14 indicate that the slot region is still capable to confine
the light power of >58% within ±10% of WSi and HSi deviation from their best values.
More than 58% of slot confinement results in ∼80% power confinement in the sensing
(slot+clad) region. It is worth to mention that the thickness of bottom Ag layer (HAg) and
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top Si slab (HSi) are chosen to have a same value of 150 nm to form a symmetric slot
structure. One could easily obtain a slightly higher slot confinement (60%) by considering
higher WSi and lower HSi. But in this configuration, other higher order modes appear
at the close vicinity of the fundamental quasi-TM mode. It makes the device unstable
for sensing applications due to its multimode operation. Figure 6.15(a) indicates that
±10% of Hslot variation from its optimised value is capable to maintain >58% quasi-TM
slot power confinement. It can be noticed that only ±1% change in slot confinement is
obtained with ±10% change in WSi, HSi, and Hslot. Therefore, this small change in slot
power confinement does not make any significant change in waveguide performance as
a sensing device. In this work, we considered three different lengths of the sensing arm
such as LMSLHSHPW = 20, 30, and 40 µm. The maximum temperature and refractometric
sensitivities are obtained for LMSLHSHPW = 40 µm which are shown in Fig. 6.22 and 6.24.
It is worth noticing that the device sensitivity increases with LMSLHSHPW in expenses of
additional modal loss that arises due to extra length of the MSLHSHPW. Therefore, a
10% increment and decrement in LMSLHSHPW will increase and decrease, respectively
the temperature and chemical concentration sensitivity by an amount of ∼9.34% and
∼10.03%, respectively.
6.6 Summary
In conclusion, the design of a novel metal strip loaded MSLHSHPW with its optimised
designed parameters shows an enhanced power confinement of 59.24% and 82.04% in
the low-index slot and possible total sensing region along with a low and acceptable
loss. By integrating this MSLHSHPW with the SiO2 clad DHS waveguide results in
a compact on-chip MZI sensing system, which not only shows a high sensitivity to
the liquid temperature but also have a great potential in the detection of the liquid
concentration. Waveguide optimisations, junction analyses and device performance have
been studied theoretically with our in-house accurate FV-FEM and the LSBR methods.
Our optimised MSLHSHPW design shows a much higher refractometric sensitivity of
1.13. The MZI temperature sensitivity (ST ) are 105.2 pm/◦C and 138.1 pm/◦C for 20 µm
long MSLHSHPW in the sensing arm for the FSR values of 10 and 15 nm, respectively,
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and it can be increased to 172 pm/◦C and 243.9 pm/◦C with the 40 µm LMSLHSHPW . The
same device is also sensitive to the changes of liquid volume concentrations. The device
sensitivity (SC) for concentration detection shows a high value of 144.6 nm/RIU and 218.1
nm/RIU for the 20 µm MSLHSHPW and it shows a significant enhancement to 290.3
nm/RIU and 437.3 nm/RIU for the higher value of MSLHSHPW length (40 µm). The
effect of MSLHSHPW modal loss and the junction losses are mitigated by using unequal
power splitting at the MZI input which results in very high interference fringe visibility
i.e. V ′ ' 1. The low insertion loss, high fringe visibility, high extinction ratio and most
importantly enhanced sensitivities make the design attractive for use in bio photonics
and chemical analysis. Our proposal serves the successful demonstration of an on-chip
compact MZI sensor that can be realised with the help of well-matured state-of-the-art
CMOS fabrication technologies. Both temperature and concentration sensors can be
integrated in an on-chip arrayed design for simultaneous detection of both. Based on
the preliminary results this MZI sensor shows a great potential to be employed as an
refractometric based temperature and liquid concentration sensor.
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VERTICAL SLOTTED STRAIGHT RESONATOR AS A
BIOCHEMICAL SENSOR
7.1 Introduction
F
abrication of silicon (Si) waveguides in a silicon-on-insulator (SOI) wafer within
the telecommunication wavelength rage of 1200 - 1600 nm was first proposed by
Richard Soref [Soref and Larenzo, 1986], followed by the initial work of Graham
Reed. The high-refractive-index contrast of SOI structures leads to the higher degree of
light confinement and guidance through the silicon layer. This property can make the
silicon waveguides and resonators to be the basic building blocks of compact photonic
integrated circuits (PIC). Over the last two decades, silicon technology has attracted
considerable attentions due to its potential low-cost by exploiting the CMOS fabrication
technology, developed for electronics, which can also be used by the photonics industries.
Light confinement in low-index slot section was first reported in 2004 by Almeida et
al.[Almeida et al., 2004] and since then SOI based slot waveguide became an intriguing
area of research. The boundary condition of electromagnetic field demands normal compo-
nent of electric flux density (~D) must be continuous at the dielectric interface, which forces
normal component of ~E-field to be discontinuous and very large in the low index region.
These characteristics lead to a strong field enhancement in the low-index slot region. As
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a result, the slot waveguides becoming an attractive choice as a refractive index (RI)
based biological and chemical sensors. By combining the slot properties with resonating
devices, an even higher sensitivity can be achieved. Combination of slot configuration
with ring resonator was first investigated and proposed in [Barrios et al., 2007a], [Barrios
et al., 2008] on a Si3N4 − SiO2 platform with a maximum sensitivity of 212 nm/RIU. An
improved sensitivity of 298 nm/RIU has also been reported by [Claes et al., 2009] for the
similar slot waveguide based ring resonator in SOI platform. These structural devices
show significant improvement of refractive index sensitivity over the conventional strip
waveguide based ring resonator, demonstrated by [De Vos et al., 2007]. Integration of
Bragg gratings on SOI platform with promising application in bio and chemical sensing
has also been reported by [Fard et al., 2013], [Jugessur et al., 2009]. The conventional strip
and rib waveguide based Bragg gratings use the evanescent field tails for the sensing,
thus exhibiting a lower sensitivity with high quality (Q) factor. In 2013, [Wang et al.,
2013b] proposed an improved slot waveguide based Bragg sensors with sensitivity as high
as 340 nm/RIU around 1550 nm wavelength with the help of enhanced light matter inter-
action into the slotted region. Next, in 2015, an improved bulk detection sensitivity (380
nm/RIU) of porous silicon ring resonator for biosensing applications has been reported by
[Rodriguez et al., 2015]. Other optical bio-chemical sensors have incorporated microdisk
resonator [Lipka et al., 2013], photonic crystal cavities [Caër et al., 2014], [Yang et al.,
2016] and Mach-Zehnder interferometers [Luff et al., 1998], [Misiakos et al., 2014].
In this chapter, a detailed theoretical and numerical investigations of three dimen-
sional single vertically-slotted resonator structure in a SOI platform are discussed. An
in-house numerically efficient and rigorous three dimensional full-vectorial ~H-field based
finite element method (3D-FEM) is developed and used to obtain the modal solutions at
the particular resonating wavelength. Initially, optimisations of design parameters, such
as the width (W), height (H) and slot width (Ws) are carried out by a two dimensional
full-vectorial ~H-field based finite element method (2D FV-FEM). Only a cross-section
of the device is considered for modal solutions. However, to investigate a resonating
structure one need to simulate the complete three-dimensional structure as a whole.
Thus, the optical resonating structure with isotropic and anisotropic media requires a
new three-dimensional approach where the variational expression calculates the resonant
176
CHAPTER 7. VERTICAL SLOTTED STRAIGHT RESONATOR AS A BIOCHEMICAL
SENSOR
frequencies and associated vectorial mode profile of the cavity. The resonating modal
fields, sensitivity (S) and detection limit (DL) of the proposed optimised device have been
calculated by the full-vectorial 3D-FEM. Interestingly, we observed an effective change in
sensitivity from 635 nm/RIU to 820 nm/RIU depending on the position of the perfect elec-
tric wall (PEW) in the device. As the detection limit (DL) of the sensor device is inversely
related to the sensitivity (S), the changes in sensitivity due to metal boundary position
also makes a noticeable change in the detection limit (DL). Such a high sensitivity and
detection limit achieved by proposed device can be invaluably important in the field of
chemical sensing. We have validated this phenomenon with sucrose solution at ambient
temperature (20◦C). It has been noticed that bio-molecules become transparent in the
near infra-red region (NIR). Hence the dominated optical absorption is governed by the
water solvent which shows a dip in the absorption spectrum at 1550 nm wavelength.
Hence we selected the operating wavelength of the device for bio-chemical sensing around
1550 nm, the standard telecommunication wavelength, which adds an extra advantage
of availability of standardised resources of the telecommunication band to design the
nano-structured sensing set-up.
Figure 7.1: 3D schematic diagram of the single vertically-slotted straight SOI based
resonator. Red dashed box is showing the computational domain. Insets are showing the
mid-sliced plane with dominant Ex field profile along x-axis shown by black lines.
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7.2 Vertical Slotted Straight Resonator
Figure 7.1 shows the 3D schematic diagram of our proposed device design. The main
structure which is of our interest consists of two silicon cores separated by a narrow
slot region shown by dashed red box. The compact vertically slotted straight resonating
structure is coupled with two in and out integrated bus waveguides. Light from a tunable
laser source travels through one bus waveguide and excites the slotted structure at a
particular wavelength. Corresponding resonating wavelength (λres) can be picked by the
three output facets of the in/out bus waveguides. During the resonance, electromagnetic
energy builds up in the slot cavity and the resonance wavelength can be detected from
the both facets of output bus waveguide (λout1 and λout2) and also at the opposite end of
the input bus waveguide. The response from the output integrated waveguide is detected
by the photo-detectors. The silicon slot guide is separated by a silicon dioxide (SiO2)
buffer layer from the silicon substrate. The silicon and silicon dioxide refractive indices
are taken as nSi = 3.476 and nSiO2 = 1.44, respectively at the 1550 nm operating
wavelength. The key noticeable advantages of the proposed device can be explained in
three steps. First, the compact design of the device due to nano-scale dimensions results
high scale integration and ease of fabrication than other complex devices. Second, the
slotted resonating structure has a significant advantage over the conventional rib and
nano-wire structures. The dominant Ex field of the quasi-transverse-electric (TE) mode
increases inside the slot region which allows a strong light-analyte interaction rather
than to use only the evanescent field tail for sensing. Third, a much improved performance
e.g. sensitivity (S) and detection limit (DL) can be achievable with the help of first two
points. The slot and the surrounded region can be filled with any low-refractive-index,
non-linear and organic material of one’s interest. Here, the efficiency of the proposed
device is presented by using the low-indexed sucrose solution in the slot and cover medium
which represents the 3D slotted resonating structure as a bulk refractometric chemical
sensor (upper inset of Fig. 7.1). We have also characterised the device as a bio-sensor
dipped into water, where a 5 nm ultra-thin (Ts) bio-layer with refractive index 1.45 has
been considered. Here the device performance has been analysed as a surface sensor
(lower inset of Fig. 7.1)
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The fabrication process of our CMOS compatible proposed straight device without a
curved ring section can be simple compared to other alternative photonic sensing devices.
Silicon vertically-slotted structure can easily be fabricated by etching two straight Si
rails into a commercially available SOI wafer. Besides, if required further growth of top
Si layer on SiO2 buffer layer can be achieved by the plasma enhanced chemical vapour
deposition (PECVD). The height of the Si layer can be adjusted by precise controlling the
growing time or by reducing it. A photo-resist thin film can be deposited on the Si layer
for patterning. Then reactive ion-etching (RIE) is used to make the both Si strips with a
slot region in between them.
Figure 7.2: Cross-section of the 3D vertically slotted straight resonator. The x-y plane
cross-sectional geometry of the device is similar to the vertically slotted waveguide.
7.2.1 Design and Optimisation of Device Parameters
The rigorous theoretical investigation of design parameters, calculation of dominant and
non-dominant electric and magnetic field components and profiles for the fundamental
quasi-TE and TM modes, due to the presence of sensing material with different refractive
index values, are of great importance when designing a sensing device. Our in-house two
dimensional (2D) (discussed in Section 3.3) and newly developed three dimensional (3D)
finite element method (FEM) (discussed in 3.4) are used as numerical tools to obtain the
modal solutions of the Si slotted resonator. The 3D slotted resonator is similar to a short
length of straight vertical slot waveguide. Cross-section of the slotted resonator is shown
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Figure 7.3: Optimisation of Si core width (W) depending on confinement factor (Γ). Total
slot confinement (Γslot−total) and confinement of 5 nm sensing layer into slot versus Si
core width (W) for a fixed Si core/slot height (H) of 220 and 324 nm. Slot width (Ws) is
kept fixed at 100 nm. The cover medium, slot region, and sensing layer into slot are filled
with water.
in Fig. 7.2. As a result, a part of the design parameters that lie on the x-y cross-sectional
plane can be estimated by using the computationally efficient fully-vectorial rigorous 2D
FV-FEM.
A 5 nm sensing layer (Ts) over the Si core and also inside the slot region is considered
for bio-molecule detection, as shown in Fig. 7.2. The Si core width (W), slot height (H) and
slot width (Ws) are optimised for different parameters, such as the power confinements
into low-indexed slot and 5 nm sensing bio-layer into the slot region, normalised power
density (NPD) and effective index (∆ne f f ) change. The normalised power density (NPD)
is defined as the power confinement per unit area of the waveguide. The ∆ne f f is the
change in the effective index (ne f f ) due to the presence of 5 nm molecular bio ad-layer.
Figure 7.3 shows variation of the power confinement in the slot (Γslot−total) and 5
nm sensing layer (Γslot sensing layer) with the Si core width (W) by red and blue lines,
respectively. The solid and dashed lines show the power confinement variations for two
different sets of Si core heights, H = 220 and 324 nm, respectively. For both the cases,
the slot width (Ws) is kept constant, Ws = 100 nm. When the core is wide enough,
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Figure 7.4: Left side scale shows the power confinement (Γ%) variation of different regions,
such as sensing layer into slot, Si core, and cover medium with Si core or slot height (H).
Right side scale shows the effective index (ne f f ) variation with H. The Si core width (W)
and slot width (Ws) are fixed at 190 and 100 nm. A 5 nm ultra-thin bio-layer is considered
for surface sensing.
the power confinement into Si core is large and this in turn results a low confinement
into slot region. It can be observed that with the reduction of the core width (W), the
confinements increase in the slot and reach their maximum values at W = 190 nm and
W = 220 nm for H = 324 nm and H = 220 nm, respectively. Subsequently a rapid fall
of confinement in slot region is also noticeable with further reduction of W as the guided
slot mode approaches to the cut-off and power moves to substrate and cover layer. The
power confinement of sensing layer into slot region (Γslot sensing layer) also shows similar
trend as that of Γslot−total .
The effect of the Si core or slot height (H) variation has been studied and corresponding
results are shown in Figs. 7.4 and 7.5. The effective index (ne f f ) variation of the slot
waveguide depending on H is shown blue curve with square markers in Fig. 7.4. As the
Si core height increases the ne f f of the waveguide gradually increases for a fixed W =
190 nm and Ws = 100 nm. Increasing Si core height confines more light into high index
dielectric medium, thus, power confinement of Si core, shown by the green line increases
with increasing H. The magenta line depicts a decreasing nature of power confinement
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Figure 7.5: Si core or slot height (H) optimisation depending on confinement factor (Γ),
normalised power density (NPD) and ∆ne f f . The green dashed-dotted, blue dashed, and
red solid lines depicts the variation of total slot confinement (Γslot−total), ∆ne f f , and
normalised power density (NPD), respectively with slot height (H). The Si core width
(W) and slot width (Ws) are kept fixed at 190 and 100 nm, respectively. The cover medium,
slot region, and the sensing layer into slot are filled with water.
in the cover medium with increasing H. Interestingly, light confinement in the sensing
layer into slot region shows a rapid increment at lower values and almost saturates with
higher values of Si core height (H).
To find out an optimised Si core or slot height (H), the variations of total slot confine-
ment (Γslot−total), normalised power density (NPD) in the slot and change of waveguide
effective index (∆ne f f ) with H are of high important. These results are shown in Fig.
7.5. Partially optimised core width (W) is taken as 190 nm and slot width as 100 nm.
The green dashed-dotted line shows the increment of total power confinement into slot
region (Γslot−total) with H. Normalised power density (NPD) is another important de-
sign parameter in sensing device optimisation, when especially a localised high power
confinement is exploited, such as an ultra-thin bio or chemical layer in the slot region.
The variation of normalised power density (NPD), shown by a red solid curve, initially
increases as slot height (H) increases and reaches a maximum value at H = 300 nm.
But with the further increment of H, the normalised power density (NPD) decreases. On
the other hand, variation of effective index shift (∆ne f f ) due to the presence of a 5 nm
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Figure 7.6: Optimisation of slot width (Ws). The solid lines (red, green, and blue) illustrates
the variation of Γslot−total , Γslot sensing layer, and ∆ne f f with Ws for W = 170 nm and
H = 500 nm and the dashed-dotted lines (red, green, and blue) depicts the same for 190
nm Si strip width (W) and 500 nm height (H).
thick molecular bio-layer with H is a key design parameter for surface sensing, shown by
a blue dashed line. The variation of ∆ne f f with the H shows a strong correlation with
the Γslot−total variation. Both the parameters increase, as the slot height (H) increases.
Although, generally SOI structures with H = 220 nm is more widely used, however, as it
is shown here that higher heights yield better sensors, so optimised slot height for our
device is taken as 500 nm, which would be easy to fabricate [Yang et al., 2008], yields
Γslot−total = 41.965% and ∆ne f f = 0.0104.
So far we kept the slot width (Ws) fixed at 100 nm, as it was theoretically optimised
for slot waveguide based homogeneous sensor [Dell’Olio and Passaro, 2007] and also
successfully used in label-free slot based ring resonator for bio sensing application [Claes
et al., 2009]. However, the slot width (Ws) variation with optimised W (190 nm) and H
(500 nm) shows the maximum Γslot−total = 42.405% at a slightly wider slot width, Ws =
130 nm, shown by a red dashed-dotted line in Fig. 7.6. Here the confinement of sensing
layer into slot (Γslot sensing layer) with green dashed-dotted line and effective index change
(∆ne f f ) with blue dashed-dotted line shows a strong correlation and both of them decrease
with the increment of slot width (Ws). As a very small slot width may not easy to fabricate,
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Figure 7.7: Enhanced Ex field into slot region for optimised structural dimensions: Si strip
width (W) = 170 nm, height (H) = 500 nm, and slot width (Ws) = 130 nm. Full-vectorial
2D FV-FEM code is used for simulation.
hence total confinement into slot (Γslot−total) can be taken as a critical factor. A further
investigation of Γslot−total variation with W by keeping Ws and H fixed at 130 and 500
nm, respectively, gives only a small change in earlier optimised W and shows maximum
confinement (Γslot−total = 43.751%) at W = 170 nm. The red, green and blue solid lines
in Fig. 7.6 shows the Γslot−total , Γslot sensing layer and ∆ne f f variations with the slot width
(Ws), for W = 170 nm and this set suggests to a new value, Ws = 110 nm when Γslot−total
becomes maximum. As there was not much difference in Γslot−total for W = 170 and
190 nm and a few nm extra slot width which may also be convenient for fabrication, we
have finalised the optimised slot width as 130 nm. Hence all the optimised 2D design
parameters of slot structure can be taken as, W = 170 nm, H = 500 nm, and Ws =
130 nm when the cover medium and the slot region is considered to be filled up with
aqueous solution of refractive index 1.33. The full-vectorial 2D FV-FEM has again been
applied to determine the effective index (ne f f ) of the optimised structure and this value
is 1.63827. The corresponding 2D Ex field profile is shown in Fig. 7.7. The 1D line plot of
the normalised Ex and Hy field of the quasi-TE mode are shown in the Fig. 7.8(a) and
(b), respectively. In the low index slot section, the normal component of the ~E-field i.e. Ex
component shows discontinuity at the high index contrast boundaries. Thus, a sharp peak
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due to enhance light confinement can be observed in low indexed slot region, highlighted
in violet in Fig. 7.8(a). However, the Ex field shows an uninterrupted continuous field
distribution along y-axis with a peak inside the slot (Fig. 7.8(b)). Thus, the dominant
Ex field of the quasi-TE mode of the vertical slot has an enhanced and very high field
confinement in the low index slot region. Throughout these 2D FV-FEM simulations, the
structure is discretised with 1,280,000 first order triangular elements.
Figure 7.8: (a) and (b) illustrate the 1D line plot of the normalised Ex field of the vertically
slotted quasi-TE mode along x and y-axes, respectively. Field plots are generated by 2D
FV-FEM simulations.
Next, we design the vertically slotted resonating structure using the optimised W , H,
and Ws (Fig. 7.1) discussed above. The slot supports longitudinal modes that resonance at
a specific wavelength (λres) as,
λres =
2 ·L ·ne f f
m
(7.1)
here m is the longitudinal mode order inside the cavity (m = 1, 2, 3, ...) and 2L denotes
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the round trip length of the electromagnetic wave in the resonator. As the fundamental
mode is expected to be more stable and sensitive than other higher order modes, we
calculate the length (L) of the slot resonator using Eq. 7.1 for the fundamental mode
(m = 1). Finally, all the device dimensions have been considered can be summarised
as, Si core width (W) = 170 nm, slot height (H) = 500 nm, slot width (Ws) = 130 nm
and the device length (L) = 473.06 nm for the expected resonating wavelength (λ) of
1550 nm. Typical waveguide loss for vertical slots have been measured as < 20 dB/cm
[Barrios et al., 2007b]. However, water also absorbs light at 1550 nm and this value has
been given as 47.5 dB/cm [Claes et al., 2009]. In our design, nearly 20% of the power
is confined in the water cladding, similar as reported in [Claes et al., 2009]. So for the
vertical slotted resonator shorter than 1 µm, as reported here, the propagation loss of the
slotted structure will be very small and neglected in our simulations.
In and out straight bus waveguides can be used to connect the resonator cavity with
the light source and detectors. A phase matched Si strip waveguide of width 218 nm
and height 500 nm can be used as bus, shown in Fig. 7.1. The gap between resonator
and adjacent bus waveguide can be within the range of 250 nm to 400 nm to achieve a
good coupling. Alternatively, to maintain the phase matched condition, a slot waveguide
having the same dimensions: W = 170 nm, H = 500 nm, and Ws = 130 nm can also be
used as bus waveguide. A rigorous least-squares boundary residual (LSBR) method is
used to calculate the power transfer, the back reflection coefficient (ρr) and transmission
loss of the butt coupled strip waveguide and slotted resonator for different gaps. For
three different gaps 250, 300, and 400 nm, the power transfer from strip to slot resonator
are 1.67%, 1.12%, and 0.512%, respectively. Some input signals also reflected from the
junction between the input guide and the resonator section with slot guide and these
reflection coefficients (ρr) have been calculated as 0.024, 0.020, and 0.012, for separations
250 nm, 300 nm, and 400 nm, respectively. On the other hand, the coupling losses at this
junction are also calculated by using the LSBR method. These coupling losses are 0.2886
dB, 0.1956 dB, and 0.0833 dB for separations 250 nm, 300 nm, and 400 nm, respectively.
It can be noted that 250 nm gap provides higher evanescent coupling to slot waveguides
but with also higher butt-coupling loss from the input guide, whereas the 400 nm gap
provides less evanescent coupling but with a higher butt-coupling efficiency. Thus a
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Figure 7.9: Resonating wavelength (λres) variation with the number of nodes in the three
dimensional mesh distributions. A non-uniform, unstructured tetrahedral elements have
been used for the 3D domain discretisation.
suitable separation could be in the range of 250 to 400 nm to couple light wave in between
resonator and in/out bus waveguide.
7.3 Device Performance as a Sensor
In a resonating structure the self-consistent field gets confined and oscillates at a par-
ticular frequency, hence the basic performance investigation requires complete three
dimensional field analysis of the quasi-TE and TM modes inside the resonating struc-
ture. For the present work, a dedicated rigorous and full-vectorial ~H-field based three
dimensional finite element (3D FV-FEM) code is developed to solve the problem. The 3D
computational domain of the resonating structure is discretised with small tetrahedral
elements. Instead of uniform meshing, a non-uniform, unstructured mesh distribution is
considered for 3D FV-FEM, which results in an accurate and stable solution. Figure 7.9
shows the variation of the solution (here λres) with 3D mesh size. Node numbers (NP)
increases with the numbers of tetrahedral elements i.e. the 3D mesh refinement. The 3D
FV-FEM solution, λres shows a rapid increment in the beginning and then saturates with
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Figure 7.10: Surface sensing of the proposed device with optimised design parameters.
The red line depicts a linear resonance wavelength shift (∆λres) for different bio-layer
thickness of refractive index 1.45. The blue stars denote the surface sensitivity (Ssur f ace)
variation with bio-layer thickness ranging from 5 to 50 nm.
the increasing mesh size. Thus, a higher mesh with node numbers greater than 70,000
results in a much stable and accurate solution. Throughout the analyses, a 3D mesh with
very high and sufficient number of tetrahedral elements (NP = 82,273) are considered to
achieve a more stable and accurate resonating wavelength (λres) of the straight resonator.
We divided the performance analyses into two stages:
1. surface sensing with an ultra-thin bio-molecular layer covers the sensor surface
(see Fig. 7.1, bottom inset)
2. homogeneous refractometric sensing (see Fig. 7.1, top inset), where sensitivity for
bulk refractive index change in surrounding medium is considered.
7.3.1 Surface Sensing
The first stage of investigation is based on homogeneous bio-layer sensing where we
considered a thick bio ad-layer of refractive index 1.45 on both the Si strips and inside the
slot region. The cover medium is filled with aqueous solution (nwater = 1.33). For detail
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analysis we have also considered different thickness of sensing layers ranging from 5 to
50 nm. During the 3D FV-FEM simulations, we have verified the numerical accuracy by
considering over 4,56,817 first order tetrahedral elements in the computational domain
of 1.47 µm (along x) × 0.47306 µm (along y) × 1.5 µm (along z). A resonating wavelength
shift from 1537.21 nm to 1542.38 nm was observed due to the presence of ultra-thin 5
nm sensing layer with refractive index of 1.45. Hence, the refractive index change in the
sensing layer causes a resonance shift (∆λres) of 5.2 nm for surface sensing. We have
also studied the surface sensitivity (Ssur f ace) for different bio-layer thickness. The ∆λres
linearly increases with the thickness of sensing layer. This is shown by a red solid line in
Fig. 7.10, depicts a strong linear resonance shift (∆λres) with bio-layer thickness change
(∆t). The blue stars denote the variation of surface sensitivity,
Ssur f ace =
∆λres
∆t
(7.2)
against different bio-layer thickness, plotted in a high resolution scale. A small reduction
of Ssur f ace can be observed with the increment bio-layer thickness. Our simulation shows
almost similar sensitivity as reported in [Claes et al., 2009] but in our case with a simpler
straight structure.
7.3.2 Bulk Refractometric Sensing
The second stage of sensitivity investigation follows the detection of bulk refractive
index change in the cover and slot region. Aqueous sucrose solutions with different
concentrations are used over the sensing device. The refractive index of sucrose-water
solution for different sucrose concentration at ambient temperature (20◦C) are taken from
[Sucrose Conversion Table, 1981]. Two different cases are considered during simulation
process:
1. the slot region and cover medium are completely filled with the fluid, and
2. only cover medium is filled with sucrose solution and it is assumed that the narrow
slot region is filled with air bubble.
In the present formulation, the natural boundary condition is that of a perfect electric
wall (PEW). If the structure is enclosed inside a metal box, then we do not need to impose
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Figure 7.11: Bulk refractometric sensitivity (S) analysis of vertically single slotted waveg-
uide with optimised design parameters at 1550 nm. The slope of the curve denotes the
sensitivity of the slot waveguide while the cover medium is filled with sucrose solution.
the boundary condition. However, for an open type resonating structure, the computational
boundary should be away from the resonating structure. The bulk sensitivity (Sbulk) also
depends on the position of computational or physical electric wall. Figure 7.11 depicts
the bulk refractive index sensitivity of the optimised single vertically-slotted waveguide
simulated by 2D FV-FEM. The variation of normalised effective index change (∆ne f f /ne f f )
with different refractive indices of sucrose solution is presented by the red solid line. The
slope gives us the sensitivity Sbulk = (∆ne f f /ne f f )/RIU of 1.025 per RIU.
Figure 7.12 shows the resonance wavelength shift (∆λ) of the resonating structure as a
function of refractive index of sucrose solution at 20◦C. The solid line shows the variation
of resonance wavelength shift (∆λ) with the change of refractive index of sucrose solution
when the PEWs are placed at both end faces of Si strips. A strong linear shift is observed,
and the slope of the lines i.e. sensitivity (Sbulk) shows the value of 635 nm/RIU and 335
nm/RIU for the fully filled and for the case of empty slot (a case arises when sensing
liquid may not enter the narrow slot region due to presence of air bubble), respectively. A
significant improvement can be observed of the proposed device sensitivity compared to
the other devices reported earlier [Barrios et al., 2007a, 2008; Claes et al., 2009; De Vos
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Figure 7.12: Bulk sensitivity (Sbulk) analysis of the proposed device. Resonating wave-
length shift versus refractive index variation (∆nsucrose) of sucrose solution at ambient
temperature (20◦C). The solid lines illustrate the resonating wavelength shift when the
perfect electric walls (PEW) are touching the end faces of Si core. The dashed lines present
the same when the PEWs are 300 nm away from both end faces of the Si core. The slope
of each linear curve represents the sensitivity (Sbulk) for the filled and empty conditions.
et al., 2007; Fard et al., 2013; Jugessur et al., 2009; Rodriguez et al., 2015]. The dashed
line also shows a linear shift of resonance wavelength (∆λ) when the PEWs are positioned
at 300 nm away from both the end faces of the Si core strips. Further distant PEWs do
not show any significant improvement in the device sensitivity. Therefore, 300 nm distant
PEWs are sufficient to obtain a high device sensitivity.
The 3D iso-surface profiles of confined Ex fields for both cases are shown in Fig. 7.13.
The 3D iso-surface field profiles are generated by the post-processing of the eigenvectors
obtained from complete device simulation by the developed 3D FV-FEM. Fluid-Si surface
contact increases when the boundary walls are kept away from the Si strip’s end faces.
As a result, a greater sensitivity is observed, illustrated by the blue and green dashed
lines with the slope of 820 nm/RIU and 683 nm/RIU for filled and empty slot conditions,
respectively. These values are much higher and shows a considerable improvement over
the theoretically and experimentally investigated sensing devices reported so far [Barrios
et al., 2007a, 2008; Claes et al., 2009; De Vos et al., 2007; Fard et al., 2013; Jugessur
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et al., 2009; Rodriguez et al., 2015]. Besides the spectral shift i.e. sensitivity, detection
limit (DL) is another important parameter to illustrate the efficiency of the sensor to
detect and quantify the properties of the deposited sample of interest. The DL can be
estimated from the sensitivity (Sbulk) and the sensor resolution (R) as, DL = R/Sbulk.
The resolution of the device is controlled by the wavelength resolution (λresolotion) of the
light source and sensitivity (Sbulk) is the slope of the curves in Fig. 7.12. If we consider
a laser source having wavelength resolution of 5 pm [De Vos et al., 2007], a minimal
detectable refractive index of 7.9×10−6 RIU and 6.1×10−6 RIU could be achieved for PEW
touching the facets and 300 nm away from the Si strip facets, respectively.
7.4 Fabrication Tolerance
To achieve a robust device design, it is important to study the effect of fabrication
tolerances. We have analysed three important design parameters such as, total slot
confinement (Γslot−total), surface sensitivity (Ssur f ace) and bulk sensitivity (Sbulk) with
the device parameters by changing a few % of the optimised Si core width (W), slot
height (H), and slot width (Ws). Ssur f ace and Sbulk are studied for 5 nm bio-ad layer and
5% sucrose solution over the device. We found Γslot−total > 43% for variation in W from
-5% to +8% in the case of ideal situation (cover and slot region are filled with aqueous
solution). During the growth of Si core, it may not always be possible to maintain the
optimum slot height and slot width. Our study shows a considerable Γslot−total variation
from 40.96% to 45.91% with H variation within ± 10%. Besides, for the same variation
of slot width (Ws), Γslot−total remains > 43%. In terms of sensitivity analysis, Ssur f ace
varies from -5.39% to +3.92% for W variation within ±6%. We also obtained -1.59% to
+1.47% and +4.16% to -3.67% Ssur f ace variation for the change in H and Ws within
±5%. On the other hand, bulk sensitivity (Sbulk) shows a much smaller -3.12% to 0.40%
change for -10% to +5% variation of W. Similarly, the variation of H and Ws within
±10% results a small acceptable variation in Sbulk from -2.44% to +1.63% and +0.67%
to -0.77%, respectively. These results indicate that the device can achieve over 43% total
slot confinement and only smaller sensitivity change with ±5% fabrication imperfections.
Thus, our proposed resonating structure is robust and possible to fabricate with the
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Figure 7.13: The dominant Ex field (2D and 3D) confined into straight single slotted
resonator with optimised design parameters at the telecommunication wavelength. Field
profiles are generated by post-processing of eigenvectors of resonating wavelength (λres
being an eigenvalue), (a) shows the Ex field profile of slot resonator on an x-z sliced
plane and (b) depicts the 3D iso-surface profile of Ex field. The PEWs are considered
at both end faces of the Si cores. (c) 3D iso-surface profile of confined Ex field when the
boundary PEWs are 300 and 500 nm away from both end faces and side faces of Si strips,
respectively. A full-vectorial 3D FV-FEM code is used for complete resonating structure
simulation.
available CMOS fabrication technology.
7.5 Summary
In this chapter, we report a SOI based vertically-slotted resonator as an efficient biochem-
ical sensor, which is easy to fabricate. Device performance has been studied for surface
sensing with a 5 nm bio-layer and bulk sensing where refractive index changes in the slot
and cover region. A rigorous full-vectorial 3D FV-FEM is developed and used to simulate
the device for different sensing applications. We obtained a considerably high 5.2 nm
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resonance wavelength shift for surface sensing. On the other hand, an improved linear
resonating wavelength shift of 635 nm/RIU and 820 nm/RIU have been achieved for
homogeneous refractometric sensing when the boundaries are considered at the end faces
and far away from the straight slot, respectively. The detection limit is obtained as low
as 6.1×10−6 RIU. The proposed device serves the successful demonstration of label-free
bio-chemical sensing applications of low-index confined electromagnetic field in a slotted
resonating structure by using a full-vectorial 3D FV-FEM code. This nano-structural
geometry is relatively simple and compact compared to other complex photonic devices,
such as slotted ring resonator and nano-Bragg grating sensors. This can be realised
in practice with the help of well-matured state-of-the-art fabrication technologies and
surface chemistry [Yang et al., 2008], [Barrios et al., 2007b; Säynätjoki et al., 2009]. Based
on these preliminary results this slot resonator device shows a great potential to be
employed as an effective bio-chemical sensor.
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CONCLUSIONS AND FUTURE WORK
In this dissertation, consideration has been given to design, optimisation, and perfor-
mance evolution of label-free, compact integrated slot waveguide based photonic sensors
that will lead to precise and cost-effective detection of chemical concentration, DNA
hybridisation, hazardous chemical vapour, and temperature. However, further investiga-
tions are required for improvement of hybrid plasmonic waveguide and resonator based
sensor designs. In this chapter, we conclude our presented works which pave the platform
for future research on integrated photonic based sensing devices.
8.1 Conclusions
The main objective of this research was to develop and modify the full-vectorial finite
element method (FV-FEM) that provides a straightforward technique to solve the complex
waveguide problems whose solutions are of practical interest. The finite element method
is more advantageous than other numerical methods. It can consider any arbitrary shaped
waveguide. Other established approaches such as finite difference method (FDM) and
finite difference time domain (FDTD) method only consider waveguides with straight
edges or a structure slightly perturbed from the regular shape. Unlike FDM and FDTD,
the FV-FEM has provision to use regular or irregular distribution of mesh elements of
different shapes such as triangles, rectangles, and quadrilaterals for two-dimensional (2D)
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and tetrahedrons, bricks, prisms etc. for three-dimensional (3D) domain discretisation.
If necessary, iso-parametric elements can also be used to define a structure with curved
geometries such as optical fibre. Several alternative formulations can be considered to set-
up a FEM code. The scalar formulation is a most simple approach however, it is inadequate
for anisotropic problems. Besides, ~E, ~H, and ~E+~H field based vectorial formulations can
also be followed. Among them the ~H-field formulation has several advantages over others.
It can be applied for general anisotropic problems and its natural boundary condition is the
perfect electric wall, which can be left free for any arbitrary shaped boundary wall. Thus,
compared to other numerical approaches, a full-vectorial ~H-field based FV-FEM can solve
a wide range of practical waveguide and resonator problems. The presence of non-physical
modes amongst physical modes is quite unacceptable. The reason for the presence of
non-physical or spurious modes is that the electromagnetic vector variational formulation
only satisfy the Maxwell’s two curl equations but not the two divergence equations.
Rahman and Davies have proposed to eliminate those spurious modes by adopting the
penalty method [Rahman and Davies, 1984b] in the vector variational formulation. It
has demonstrated the usefulness to solve dielectric waveguide problems. However, it had
limitations to eliminate the non-physical spurious modes while solving the metal based
plasmonic and metal-dielectric based hybrid plasmonic waveguide problems. To overcome
this limitation, I have developed a divergence modified 2D FV-FEM, which is presented in
Chapter 3 and all its mathematical steps to set-up the code have been explained in detail.
The 2D FV-FEM only considers a waveguide cross-section to simulate the propagating
fundamental and associated higher order modes along the waveguide length. However,
this approach is incapable to simulate a resonating structure. Modelling of a resonating
structure needs to consider the structure as a whole. Thus, a three-dimensional approach
was required to solve the problem. I have developed a new full-vectorial ~H-field based 3D
FV-FEM to simulate those complex resonating structures, discussed in detail in Chapter
3.
One of our main objectives was to develop novel hybrid plasmonic slot waveguide
based photonic sensor devices. Before going into depth of those exotic waveguide designs
with complex hybrid plasmonic modes, a simple metal nano-wire has been considered for a
detail investigation of plasmonic mode evolutions and its characteristics. Unlike dielectric
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waveguides, a rectangular shaped metal nano-wire guides four different fundamental
modes form in combination of four individual surface plasmon modes supported by corners
and edges of the metal nano-wire. This metal nano-wire design has been studied under
identical and non-identical cladding conditions. Plasmonic modes exhibit higher effective
indices than the surrounded cladding refractive index. As the modes approaches to cut-
off, the mode field spreads into background region thus the plasmonic modes evolve
into background quasi-TEM mode. A reduction of modal attenuation is observed in this
situation. Depending on the mode propagation length, the ss0 and as0 are the long-range
plasmonic modes for a metal nano-wire surrounded by an identical dielectric cladding.
Additionally, for non-identical clad metal nano-wire a plasmonic supermode (PSM) forms
due to coupling of different individual metal interface modes when they have similar
propagation constant. This supermode exhibits modal evolutions with the nano-wire
design parameters. New divergence modified 2D FV-FEM is used for these plasmonic
modal analyses and this new modified approach has shown its efficiency in successful
elimination of unwanted spurious modes. These rigorous study results are considered
as basic building blocks to understand the modal behaviour of the hybrid plasmonic
waveguides, discussed in the following chapters.
During plasmonic modal investigations, the mode effective area (MEA) is considered
as an important parameter. It can be observed that several MEA formulations such as
AHte f f , A
Hx
e f f , A
Hy
e f f , A
E t
e f f , A
Ex
e f f , A
E y
e f f , A
Sz
e f f , A
Sz|max
e f f , A
U
ef f , and A
Umax
e f f (discussed in detail
in Section 4.3) are already mentioned in many published literatures for waveguide
analyses. However, there is an ambiguity about the appropriate mode effective area
formula and its applicability for a wide range of low and high index contrast and hybrid
plasmonic waveguides. Thus, an extensive comparative investigation has been carried
out for effective area evaluation of those waveguides. For an circular optical fibre, a low
index contrast waveguide, the AHte f f , A
E t
e f f , A
Sz
e f f , and A
U
ef f have shown same effective area
value and also matches with the spot-size (SPZ) value when the mode field profile follows
its equivalent Gaussian profile at a particular fibre radius which is the radius value used
for the commercial single mode fibre. Application of those mentioned MEA formulae on
high index contrast SOI based ridge, vertical and horizontal slots, and hybrid plasmonic
waveguides indicates that one should wisely choose the effective area formulation(s) that
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is(are) based on the dominant field component(s) of the waveguide under consideration.
The ASz|maxe f f and A
Umax
e f f formulae may be more suitable for localised mode field assessment
such as sub-wavelength confinement in a plasmonic structure as they consider localised
maximum value of the field.
In Chapter 5, we have designed a horizontal slotted composite plasmonic waveguide
(HSCPW) and applied it for chemical vapour and bio-chemical surface sensing. A porous
ZnO (P-ZnO) layer is considered as a horizontal slot to confine maximum light in between
silver (Ag) and high index silicon (Si) layer. Due to its porosity, the P-ZnO layer can absorb
ethanol vapour and then condense it as liquid ethanol due to capillary condensation. The
refractive index of the P-ZnO layer varies depending on the absorbed ethanol percentage
in the P-ZnO layer with different porosity. A Lorentz-Lorenz method has been followed
for an accurate equivalent refractive index evaluation of the P-ZnO layer with absorbed
ethanol. The HSCPW is optimised for 40% porous ZnO and it shows a high waveguide
sensitivity of 0.7 per RIU. A compact Mach-Zehnder interferometer (MZI) is designed by
incorporating HSCPW at both arms to determine the accurate refractive index change.
The proposed device exhibits the maximum phase sensitivities of 0.30, 0.34, 0.38, and 0.40
for the 51.57%, 52.05%, 52.59%, and 53.16% volume fraction of ethanol vapour into slotted
P-ZnO layer with 30%, 40%, 50%, and 60% porosities, respectively. Next, a horizontal
slot is considered to be formed in between gold (Au) layer and silicon (Si), filled with
liquid. It is designed for the detection of DNA hybridisation. A poly-L-lysine linker layer is
considered for surface functionalisation in the slot region. The waveguide is optimised for
maximum power confinement in the bio-layers at the slot surfaces. The refractive index
change during conversion of ssDNA to dsDNA at the slot surface is successfully detected
by the waveguide effective index change. The waveguide exhibits maximum sensitivity
values of 0.0025 and 0.0019 RIU/nm for 80 and 100 nm slot height, respectively for the
detection of DNA hybridisation, a surface sensing mechanism.
A novel design of metal strip loaded horizontal slot hybrid plasmonic waveguide
(MSLHSHPW) is designed and optimised for bulk sensing. The objective of this design
was to obtain a lower mode attenuation with maximum light confinement in the slot
region. The optimised waveguide design exhibits a considerably lower mode attenuation of
0.036 dB/µm and maximum quasi-TM field confinement of ∼60% and ∼82% in the slot and
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sensing (slot+clad) region, respectively. This waveguide shows a much higher waveguide
sensitivity of 1.13 for bulk sensing (isopropanol solution). For an accurate measurement,
an asymmetrical MZI transducer has been designed by placing this waveguide in the
sensing arm. The hybrid plasmonic waveguide loss has been compensated by applying
asymmetrical power splitter which also helps to improve the interferometric fringe
visibility to the ideal value (' 1). This single on-chip hybrid plasmonic MZI design is
applied for simultaneous detection of temperature and concentration of a liquid chemical.
The performance analyses of this sensing device exhibits a high temperature sensitivity
of 244 pm/◦C and volume concentration sensitivity of 437.5 nm/RIU when isopropanol is
considered as testing liquid. The compact foot-print of this sensor makes it affordable for
on-chip mass production.
Besides, optical resonator has a crucial role in photonic sensing technology. A silicon-
on-insulator based vertical slot straight resonator has been designed and optimised for
bulk and surface sensing of liquid chemicals. A 2D FV-FEM is inadequate to model the
resonating structure as a whole. Rather, a 3D numerical method is highly recommended
to avoid any assumptions and approximations that are generally used in semi-3D or
2.5D approaches. We developed a new ~H-field based full-vectorial 3D FV-FEM that can
easily model a three-dimensional resonating structure. The proposed straight slot based
resonator is first optimised for maximum slot confinement (43.75%) and then those
optimised design parameters are used to calculate the effective length of the straight
resonator to accommodate first order longitudinal mode. Finally, the sensitivity analyses
of the resonating structure has been performed by using the 3D FV-FEM. We obtain a 5.2
nm resonance wavelength shift for the sensing of ultra-thin bio-layer on the device surface.
It can also be used for bulk sensing and an improved linear resonating wavelength shift of
635 nm/RIU and 820 nm/RIU has been achieved for the conditions where the slot section
is partially and completely filled with the liquid chemical, respectively. Its detection limit
shows an attractive value of 6.1×10−6 RIU. This SOI based straight resonating structure
is relatively simple and compact compared to other slotted ring resonators and Bragg
grating based sensors. It can easily be fabricated by the current CMOS technology.
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8.2 Future Work
All the results presented in this dissertation is considered as a small part of the on-going
global research on integrated photonic sensing technology. Dielectric and hybrid plasmonic
novel waveguides and resonator designs have been proposed and dedicated numerical
modelling methods also have been developed for successful design, optimisation, and
performance analyses. These initial results will lead us for further exploration of hybrid
plasmonic waveguides and resonators for different photonic applications.
The 3D FV-FEM code has shown its ability to solve the 3D resonator problems with
considerably less computational resources compared to the other time domain methods.
However, there is a provision to enhance the 3D FV-FEM performance by using different
strategies to handle large sparse matrices arising during global matrix formations. A
cleaver memory allocation helps to reduce the computational costs which on the other
hand could help to deal with complex electromagnetic problems. Therefore, modelling
of three dimensional gratings and complex plasmonic cavity based resonators could be
designed with the 3D FV-FEM code.
The enhanced power confinement in the slot section of the hybrid plasmonic waveg-
uide can be exploited for low loss waveguide design, electro-optic modulators, and laser
applications. Low-index gain mediums such as polymers and doped rare earth glass
materials could be considered as slot materials for such applications.
Demonstration of electro-optic modulators and switches are also possible by using
phase change materials. Phase changing materials (GST, GeTe etc.), nonlinear organic
electro-optic materials, and graphene could be utilised in the hybrid plasmonic waveguide
designs to realise such modulators and optical switches.
The 2D material like graphene and its oxides are promising in sensing applications
due to its high surface-to-volume ratio with honeycomb carbon lattice exposed to the
surroundings. Because of its selective absorbency for many bio-chemicals and gases,
inclusion of the 2D graphene layer with integrated dielectric and hybrid plasmonic
waveguides and resonators could lead us to enhance the sensor performance. Thus, the
2D material based integrated photonic sensors can also be investigated in future with our
FV-FEM code.
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2D FV-FEM: CALCULATIONS OF MATRIX ELEMENTS
A.1 Evaluation of [Q] Matrix
Equation 3.28 shows that the [Q] is a product of [~∇×] and the shape function [N]. Hence,
[Q] =

0 − ∂
∂z
∂
∂y
∂
∂z 0 − ∂∂x
− ∂
∂y
∂
∂x 0
 [N] (A.1)
where
[~∇×] =

0 − ∂
∂z
∂
∂y
∂
∂z 0 − ∂∂x
− ∂
∂y
∂
∂x 0
 (A.2)
and, the shape function is
[N] =

N1 N2 N3 0 0 0 0 0 0
0 0 0 N1 N2 N3 0 0 0
0 0 0 0 0 0 jN1 jN2 jN3
 (A.3)
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The j term in the shape function matrix is introduced for lossless cases where the Hz
component is 90◦ out of phase with the transverse components. Equation A.1 then becomes
[Q] =

0 − ∂
∂z
∂
∂y
∂
∂z 0 − ∂∂x
− ∂
∂y
∂
∂x 0

3×3

N1 N2 N3 0 0 0 0 0 0
0 0 0 N1 N2 N3 0 0 0
0 0 0 0 0 0 jN1 jN2 jN3

3×9
(A.4)
or,
[Q] =

0 0 0 −∂N1
∂z −∂N2∂z −∂N3∂z j ∂N1∂y j ∂N2∂y j ∂N3∂y
∂N1
∂z
∂N2
∂z
∂N3
∂z 0 0 0 − j ∂N1∂x − j ∂N2∂x − j ∂N3∂x
−∂N1
∂y −∂N2∂y −∂N3∂y ∂N1∂x ∂N2∂x ∂N3∂x 0 0 0

3×9
(A.5)
Assuming the wave propagation in z-direction, the operator ∂
∂z can be replaced by − jβ in
Eq. A.5. Thus, the coefficients of [Q] matrix can be obtained as follows
[Q] =

0 0 0 jβN1 jβN2 jβN3 j
∂N1
∂y j
∂N2
∂y j
∂N3
∂y
− jβN1 − jβN2 − jβN3 0 0 0 − j ∂N1∂x − j ∂N2∂x − j ∂N3∂x
−∂N1
∂y −∂N2∂y −∂N3∂y ∂N1∂x ∂N2∂x ∂N3∂x 0 0 0

3×9
(A.6)
Similarly, [Q]∗ can be obtained as:
[Q]∗ =

0 jβN1 −∂N1∂y
0 jβN2 −∂N2∂y
0 jβN3 −∂N3∂y
− jβN1 0 ∂N1∂x
− jβN2 0 ∂N2∂x
− jβN3 0 ∂N3∂x
− j ∂N1
∂y j
∂N1
∂x 0
− j ∂N2
∂y j
∂N2
∂x 0
− j ∂N3
∂y j
∂N3
∂x 0

9×3
(A.7)
where
∂[N]
∂x
=
[
b1 b2 b3
]
(A.8)
and
∂[N]
∂y
=
[
c1 c2 c3
]
(A.9)
These partial differentiations have been evaluated from Eqs. 3.5 and 3.11.
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A.2 Evaluation of [A]e and [B]e Matrix
[A]e element matrix from Eq. 3.37 can be evaluated based on [Q] and [Q]e as
[A]e = ²ˆ−1r
∫
A
[Q]∗ · [Q] dA (A.10)
= ²ˆ−1r
∫
A

β2[N]T [N]+ ∂[N]T
∂y
∂[N]
∂y −∂[N]
T
∂y
∂[N]
∂x β[N]
T ∂[N]
∂x
−∂[N]T
∂x
∂[N]
∂y β
2[N]T [N]+ ∂[N]T
∂x
∂[N]
∂x β[N]
T ∂[N]
∂y
β[N]∂[N]
T
∂x β[N]
∂[N]T
∂y
∂[N]T
∂y
∂[N]
∂y + ∂[N]
T
∂x
∂[N]
∂x
 dA
(A.11)
here dA = dxdy defines the area integration over the surface.
[B]e element matrix based on [N] and [N]T (Eq. 3.38) can be obtained as
[B]e = µˆr
∫
A
[N]T · [N] dA (A.12)
= µˆr
∫
A

[N]T [N] [0] [0]
[0] [N]T [N] [0]
[0] [0] [N]T [N]
 dA (A.13)
(A.14)
or,
[B]e = µˆr
∫
A

N21 N1N2 N1N3 0 0 0 0 0 0
N2N1 N22 N2N3 0 0 0 0 0 0
N3N1 N3N2 N23 0 0 0 0 0 0
0 0 0 N21 N1N2 N1N3 0 0 0
0 0 0 N2N1 N22 N2N3 0 0 0
0 0 0 N3N1 N3N2 N23 0 0 0
0 0 0 0 0 0 N21 N1N2 N1N3
0 0 0 0 0 0 N2N1 N22 N2N3
0 0 0 0 0 0 N3N1 N3N2 N23

dA
(A.15)
As the linear triangular element has straight sides, a constant Jacobian, we can apply
the numerical Gaussian quadrature integration. The exact expression of numerical
203
APPENDIX A. 2D FV-FEM: CALCULATIONS OF MATRIX ELEMENTS
integration for linear triangular element is
∫
A
N i1N
j
2N
k
3 dA =
i! j!k!2!
(i+ j+k+2)! Ae (A.16)
here Ae signifies the area of the triangular element.
Therefore, the numerical integration of different forms can be obtained as
∫
A
N21 dA =
∫
A
N22 dA =
∫
A
N23 dA =
Ae
6
(A.17)∫
A
N1N2 dA =
∫
A
N2N3 dA =
∫
A
N1N3 dA = Ae12 (A.18)
and
∫
A
dA = Ae (A.19)
Therefore, with the help of Eqs. A.8 and A.9, some of the matrix elements of [A]e (Eq.
A.11) matrix can be obtained as
[A1,1]e = ²ˆ−1
∫
A
(
β2N21 +
(
∂N1
∂y
)2)
dA = 1
²
[
β2 Ae
6
+ c21 Ae
]
(A.20)
[A1,2]e = ²ˆ−1
∫
A
(
β2N1N2+ ∂N1
∂y
∂N2
∂y
)
dA = 1
²
[
β2 Ae
12
+ c1c2 Ae
]
(A.21)
[A1,3]e = ²ˆ−1
∫
A
(
β2N1N3+ ∂N1
∂y
∂N3
∂y
)
dA = 1
²
[
β2 Ae
12
+ c1c3 Ae
]
(A.22)
[A1,4]e = −²ˆ−1
∫
A
(
∂N1
∂x
∂N1
∂y
)
dA = −1
²
b1c1 Ae (A.23)
[A1,5]e = −²ˆ−1
∫
A
(
∂N2
∂x
∂N1
∂y
)
dA = −1
²
b2c1 Ae (A.24)
[A1,6]e = −²ˆ−1
∫
A
(
∂N3
∂x
∂N1
∂y
)
dA = −1
²
b3c1 Ae (A.25)
and so on.
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In a similar fashion, the [B]e matrix shown in Eq. A.15 can be written as
[B]e = µˆr

Ae
6
Ae
12
Ae
12 0 0 0 0 0 0
Ae
12
Ae
6
Ae
12 0 0 0 0 0 0
Ae
12
Ae
12
Ae
6 0 0 0 0 0 0
0 0 0 Ae6
Ae
12
Ae
12 0 0 0
0 0 0 Ae12
Ae
6
Ae
12 0 0 0
0 0 0 Ae12
Ae
12
Ae
6 0 0 0
0 0 0 0 0 0 Ae6
Ae
12
Ae
12
0 0 0 0 0 0 Ae12
Ae
6
Ae
12
0 0 0 0 0 0 Ae12
Ae
12
Ae
6

(A.26)
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B.1 Evaluation of [A]e and [B]e Matrices
The [A]e and [B]e element matrices from Eq. 3.77 and 3.78 are evaluated here.
The [A]e matrix can be defined as
[A]e = ²ˆr−1
Ñ
[Q]e [Q]
T
e dxdydz
= ²ˆr−1
∫
v

{0} ∂{N}∂z −∂{N}∂y
−∂{N}
∂z {0}
∂{N}
∂x
∂{N}
∂y −∂{N}∂x {0}


{0}T −∂{N}T∂z ∂{N}
T
∂y
∂{N}T
∂z {0}
T −∂{N}T
∂x
−∂{N}T
∂y
∂{N}T
∂x {0}
T
dV
(B.1)
where
[Q]e [Q]
T
e =

∂{N}
∂z
∂{N}T
∂z + ∂{N}∂y ∂{N}
T
∂y − ∂{N}∂y ∂{N}
T
∂x − ∂{N}∂z ∂{N}
T
∂x
− ∂{N}
∂x
∂{N}T
∂y
∂{N}
∂z
∂{N}T
∂z + ∂{N}∂x ∂{N}
T
∂x − ∂{N}∂z ∂{N}
T
∂y
− ∂{N}
∂x
∂{N}T
∂z − ∂{N}∂y ∂{N}
T
∂z
∂{N}
∂y
∂{N}T
∂y + ∂{N}∂x ∂{N}
T
∂x

12×12
(B.2)
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The 144 elements of matrix [A]e are,
[a1,1]e = ∂N1∂z
∂N1
∂z +
∂N1
∂y
∂N1
∂y [a1,2]e =
∂N1
∂z
∂N2
∂z +
∂N1
∂y
∂N2
∂y
[a1,3]e = ∂N1∂z
∂N3
∂z +
∂N1
∂y
∂N3
∂y [a1,4]e =
∂N1
∂z
∂N4
∂z +
∂N1
∂y
∂N4
∂y
[a1,5]e = − ∂N1∂y
∂N1
∂x [a1,6]e = −
∂N1
∂y
∂N2
∂x
[a1,7]e = − ∂N1∂y
∂N3
∂x [a1,8]e = −
∂N1
∂y
∂N4
∂x
[a1,9]e = − ∂N1∂z
∂N1
∂x [a1,10]e = −
∂N1
∂z
∂N2
∂x
[a1,11]e = − ∂N1∂z
∂N3
∂x [a1,12]e = −
∂N1
∂z
∂N4
∂x
[a2,1]e = ∂N2∂z
∂N1
∂z +
∂N2
∂y
∂N1
∂y [a2,2]e =
∂N2
∂z
∂N2
∂z +
∂N2
∂y
∂N2
∂y
[a2,3]e = ∂N2∂z
∂N3
∂z +
∂N2
∂y
∂N3
∂y [a2,4]e =
∂N2
∂z
∂N4
∂z +
∂N2
∂y
∂N4
∂y
[a2,5]e = − ∂N2∂y
∂N1
∂x [a2,6]e = −
∂N2
∂y
∂N2
∂x
[a2,7]e = − ∂N2∂y
∂N3
∂x [a2,8]e = −
∂N2
∂y
∂N4
∂x
[a2,9]e = − ∂N2∂z
∂N1
∂x [a2,10]e = −
∂N2
∂z
∂N2
∂x
[a2,11]e = − ∂N2∂z
∂N3
∂x [a2,12]e = −
∂N2
∂z
∂N4
∂x
[a3,1]e = ∂N3∂z
∂N1
∂z +
∂N3
∂y
∂N1
∂y [a3,2]e =
∂N3
∂z
∂N2
∂z +
∂N3
∂y
∂N2
∂y
[a3,3]e = ∂N3∂z
∂N3
∂z +
∂N3
∂y
∂N3
∂y [a3,4]e =
∂N3
∂z
∂N4
∂z +
∂N3
∂y
∂N4
∂y
[a3,5]e = − ∂N3∂y
∂N1
∂x [a3,6]e = −
∂N3
∂y
∂N2
∂x
[a3,7]e = − ∂N3∂y
∂N3
∂x [a3,8]e = −
∂N3
∂y
∂N4
∂x
[a3,9]e = − ∂N3∂z
∂N1
∂x [a3,10]e = −
∂N3
∂z
∂N2
∂x
[a3,11]e = − ∂N3∂z
∂N3
∂x [a3,12]e = −
∂N3
∂z
∂N4
∂x
[a4,1]e = ∂N4∂z
∂N1
∂z +
∂N4
∂y
∂N1
∂y [a4,2]e =
∂N4
∂z
∂N2
∂z +
∂N4
∂y
∂N2
∂y
[a4,3]e = ∂N4∂z
∂N3
∂z +
∂N4
∂y
∂N3
∂y [a4,4]e =
∂N4
∂z
∂N4
∂z +
∂N4
∂y
∂N4
∂y
[a4,5]e = − ∂N4∂y
∂N1
∂x [a4,6]e = −
∂N4
∂y
∂N2
∂x
[a4,7]e = − ∂N4∂y
∂N3
∂x [a4,8]e = −
∂N4
∂y
∂N4
∂x
[a4,9]e = − ∂N4∂z
∂N1
∂x [a4,10]e = −
∂N4
∂z
∂N2
∂x
[a4,11]e = − ∂N4∂z
∂N3
∂x [a4,12]e = −
∂N4
∂z
∂N4
∂x
[a5,1]e = − ∂N1∂x
∂N1
∂y [a5,2]e = −
∂N1
∂x
∂N2
∂y
[a5,3]e = − ∂N1∂x
∂N3
∂y [a5,4]e = −
∂N1
∂x
∂N4
∂y
[a5,5]e = ∂N1∂z
∂N1
∂z +
∂N1
∂x
∂N1
∂x [a5,6]e =
∂N1
∂z
∂N2
∂z +
∂N1
∂x
∂N2
∂x
[a5,7]e = ∂N1∂z
∂N3
∂z +
∂N1
∂x
∂N3
∂x [a5,8]e =
∂N1
∂z
∂N4
∂z +
∂N1
∂x
∂N4
∂x
[a5,9]e = − ∂N1∂z
∂N1
∂y [a5,10]e = −
∂N1
∂z
∂N2
∂y
[a5,11]e = − ∂N1∂z
∂N3
∂y [a5,12]e = −
∂N1
∂z
∂N4
∂y
[a6,1]e = − ∂N2∂x
∂N1
∂y [a6,2]e = −
∂N2
∂x
∂N2
∂y
[a6,3]e = − ∂N2∂x
∂N3
∂y [a6,4]e = −
∂N2
∂x
∂N4
∂y
[a6,5]e = ∂N2∂z
∂N1
∂z +
∂N2
∂x
∂N1
∂x [a6,6]e =
∂N2
∂z
∂N2
∂z +
∂N2
∂x
∂N2
∂x
[a6,7]e = ∂N2∂z
∂N3
∂z +
∂N2
∂x
∂N3
∂x [a6,8]e =
∂N2
∂z
∂N4
∂z +
∂N2
∂x
∂N4
∂x
[a6,9]e = − ∂N2∂z
∂N1
∂y [a6,10]e = −
∂N2
∂z
∂N2
∂y
[a6,11]e = − ∂N2∂z
∂N3
∂y [a6,12]e = −
∂N2
∂z
∂N4
∂y
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[a7,1]e = − ∂N3∂x
∂N1
∂y [a7,2]e = −
∂N3
∂x
∂N2
∂y
[a7,3]e = − ∂N3∂x
∂N3
∂y [a7,4]e = −
∂N3
∂x
∂N4
∂y
[a7,5]e = ∂N3∂z
∂N1
∂z +
∂N3
∂x
∂N1
∂x [a7,6]e =
∂N3
∂z
∂N2
∂z +
∂N3
∂x
∂N2
∂x
[a7,7]e = ∂N3∂z
∂N3
∂z +
∂N3
∂x
∂N3
∂x [a7,8]e =
∂N3
∂z
∂N4
∂z +
∂N3
∂x
∂N4
∂x
[a7,9]e = − ∂N3∂z
∂N1
∂y [a7,10]e = −
∂N3
∂z
∂N2
∂y
[a7,11]e = − ∂N3∂z
∂N3
∂y [a7,12]e = −
∂N3
∂z
∂N4
∂y
[a8,1]e = − ∂N4∂x
∂N1
∂y [a8,2]e = −
∂N4
∂x
∂N2
∂y
[a8,3]e = − ∂N4∂x
∂N3
∂y [a8,4]e = −
∂N4
∂x
∂N4
∂y
[a8,5]e = ∂N4∂z
∂N1
∂z +
∂N4
∂x
∂N1
∂x [a8,6]e =
∂N4
∂z
∂N2
∂z +
∂N4
∂x
∂N2
∂x
[a8,7]e = ∂N4∂z
∂N3
∂z +
∂N4
∂x
∂N3
∂x [a8,8]e =
∂N4
∂z
∂N4
∂z +
∂N4
∂x
∂N4
∂x
[a8,9]e = − ∂N4∂z
∂N1
∂y [a8,10]e = −
∂N4
∂z
∂N2
∂y
[a8,11]e = − ∂N4∂z
∂N3
∂y [a8,12]e = −
∂N4
∂z
∂N4
∂y
[a9,1]e = − ∂N1∂x
∂N1
∂z [a9,2]e = −
∂N1
∂x
∂N2
∂z
[a9,3]e = − ∂N1∂x
∂N3
∂z [a9,4]e = −
∂N1
∂x
∂N4
∂z
[a9,5]e = − ∂N1∂y
∂N1
∂z [a9,6]e = −
∂N1
∂y
∂N2
∂z
[a9,7]e = − ∂N1∂y
∂N3
∂z [a9,8]e = −
∂N1
∂y
∂N4
∂z
[a9,9]e = ∂N1∂y
∂N1
∂y +
∂N1
∂x
∂N1
∂x [a9,10]e =
∂N1
∂y
∂N2
∂y +
∂N1
∂x
∂N2
∂x
[a9,11]e = ∂N1∂y
∂N3
∂y +
∂N1
∂x
∂N3
∂x [a9,12]e =
∂N1
∂y
∂N4
∂y +
∂N1
∂x
∂N4
∂x
[a10,1]e = − ∂N2∂x
∂N1
∂z [a10,2]e = −
∂N2
∂x
∂N2
∂z
[a10,3]e = − ∂N2∂x
∂N3
∂z [a10,4]e = −
∂N2
∂x
∂N4
∂z
[a10,5]e = − ∂N2∂y
∂N1
∂z [a10,6]e = −
∂N2
∂y
∂N2
∂z
[a10,7]e = − ∂N2∂y
∂N3
∂z [a10,8]e = −
∂N2
∂y
∂N4
∂z
[a10,9]e = ∂N2∂y
∂N1
∂y +
∂N2
∂x
∂N1
∂x [a10,10]e =
∂N2
∂y
∂N2
∂y +
∂N2
∂x
∂N2
∂x
[a10,11]e = ∂N2∂y
∂N3
∂y +
∂N2
∂x
∂N3
∂x [a10,12]e =
∂N2
∂y
∂N4
∂y +
∂N2
∂x
∂N4
∂x
[a11,1]e = − ∂N3∂x
∂N1
∂z [a11,2]e = −
∂N3
∂x
∂N2
∂z
[a11,3]e = − ∂N3∂x
∂N3
∂z [a11,4]e = −
∂N3
∂x
∂N4
∂z
[a11,5]e = − ∂N3∂y
∂N1
∂z [a11,6]e = −
∂N3
∂y
∂N2
∂z
[a11,7]e = − ∂N3∂y
∂N3
∂z [a11,8]e = −
∂N3
∂y
∂N4
∂z
[a11,9]e = ∂N3∂y
∂N1
∂y +
∂N3
∂x
∂N1
∂x [a11,10]e =
∂N3
∂y
∂N2
∂y +
∂N3
∂x
∂N2
∂x
[a11,11]e = ∂N3∂y
∂N3
∂y +
∂N3
∂x
∂N3
∂x [a11,12]e =
∂N3
∂y
∂N4
∂y +
∂N3
∂x
∂N4
∂x
[a12,1]e = − ∂N4∂x
∂N1
∂z [a12,2]e = −
∂N4
∂x
∂N2
∂z
[a12,3]e = − ∂N4∂x
∂N3
∂z [a12,4]e = −
∂N4
∂x
∂N4
∂z
[a12,5]e = − ∂N4∂y
∂N1
∂z [a12,6]e = −
∂N4
∂y
∂N2
∂z
[a12,7]e = − ∂N4∂y
∂N3
∂z [a12,8]e = −
∂N4
∂y
∂N4
∂z
[a12,9]e = ∂N4∂y
∂N1
∂y +
∂N4
∂x
∂N1
∂x [a12,10]e =
∂N4
∂y
∂N2
∂y +
∂N4
∂x
∂N2
∂x
[a12,11]e = ∂N4∂y
∂N3
∂y +
∂N4
∂x
∂N3
∂x [a12,92]e =
∂N4
∂y
∂N4
∂y +
∂N4
∂x
∂N4
∂x
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On the other hand, the [B]e matrix can be written as
[B]e = µˆr
∫
v
[N]e [N]Te dV (B.3)
= µˆr
∫
v

N1N1 N1N2 N1N3 N1N4 0 0 0 0 0 0 0 0
N2N1 N2N2 N2N3 N2N4 0 0 0 0 0 0 0 0
N3N1 N3N2 N3N3 N3N4 0 0 0 0 0 0 0 0
N4N1 N4N2 N4N3 N4N4 0 0 0 0 0 0 0 0
0 0 0 0 N1N1 N1N2 N1N3 N1N4 0 0 0 0
0 0 0 0 N2N1 N2N2 N2N3 N2N4 0 0 0 0
0 0 0 0 N3N1 N3N2 N3N3 N3N4 0 0 0 0
0 0 0 0 N4N1 N4N2 N4N3 N4N4 0 0 0 0
0 0 0 0 0 0 0 0 N1N1 N1N2 N1N3 N1N4
0 0 0 0 0 0 0 0 N2N1 N2N2 N2N3 N2N4
0 0 0 0 0 0 0 0 N3N1 N3N2 N3N3 N3N4
0 0 0 0 0 0 0 0 N4N1 N4N2 N4N3 N4N4

dV
= µˆr
∫
v

{N} {N}T {0} {0}
{0} {N} {N}T {0}
{0} {0} {N} {N}T
dV (B.4)
It is to be noted that both the matrices [A]e and [B]e are real symmetric. Investigating
material is considered as loss less, this makes the elements of [A]e are either real or
imaginary, existence of both the components are not possible. The subspace iterative
matrix eigenvalue solver can only solve the real matrices and here the 3D FV-FEM
produced real symmetric element matrix, hence it is beneficial that an additional element
matrix conversion from complex to real is not needed.
Now to evaluate the element matrices the integration of quantities in terms of shape
functions or volume coordinates need to be solved. As the tetrahedral element has straight
sides and flat faces (constant Jacobian), we can use the numerical Gaussian quadrature
integration. The exact expression of numerical integration for linear tetrahedral element
is, ∫
v
La1L
b
2L
c
3L
d
4 dV =
a!b!c!d!
(a+b+ c+d+3)!6V (B.5)
Therefore, ∫
v
N21 dV =
∫
v
N22 dV =
∫
v
N23 dV =
∫
v
N24 dV =
V
10
(B.6)
∫
v
N1N2 dV =
∫
v
N1N3 dV =
∫
v
N1N4 dV =∫
v
N2N3 dV =
∫
v
N2N4 dV =
∫
v
N3N4 dV = V20 (B.7)
and ∫
v
dV =V (B.8)
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Hence the calculations for the elements of matrix [A]e are
[A1,1 ]e = ²ˆ−1
∫
v
∂ {N}
∂z
∂ {N}T
∂z
+ ∂ {N}
∂y
∂ {N}T
∂y
dV
= ²ˆ−1
∫
v
(
∂
∂z
{N1
N2
N3
N4
}
∂
∂z
{ N1 N2 N3 N4 }+ ∂
∂y
{N1
N2
N3
N4
}
∂
∂y
{ N1 N2 N3 N4 }
)
dV
= ²ˆ−1
[ b4b4V+b3b3V b4b8V+b3b7V b4b12V+b3b11V b4b16V+b3b15V
b8b4V+b7b3V b8b8V+b7b7V b8b12V+b7b11V b8b16V+b7b15V
b12b4V+b11b3V b12b8V+b11b7V b12b12V+b11b11V b12b16V+b11b15V
b16b4V+b15b3V b16b8V+b15b7V b16b12V+b15b11V b16b16V+b15b15V
]
(B.9)
[A1,2 ]= − ²ˆ−1
∫
v
∂ {N}
∂y
∂ {N}T
∂x
dV
= − ²ˆ−1
∫
v
[{N1
N2
N3
N4
}
{ N1 N2 N3 N4 }
]
dV
= − ²ˆ−1
[ b3b2V b3b6V b3b10V b3b14V
b7b2V b7b6V b7b10V b7b14V
b11b2V b11b6V b11b10V b11b14V
b15b2V b15b6V b15b10V b15b14V
]
(B.10)
[A1,3 ]= − ²ˆ−1
∫
v
∂ {N}
∂z
∂ {N}T
∂x
dV
= − ²ˆ−1
∫
v
[
∂
∂z
{N1
N2
N3
N4
}
∂
∂x
{ N1 N2 N3 N4 }
]
dV
= − ²ˆ−1
[ b4b2V b4b6V b4b10V b4b14V
b8b2V b8b6V b8b10V b8b14V
b12b2V b12b6V b12b10V b12b14V
b16b2V b16b6V b16b10V b16b14V
]
(B.11)
[A2,1 ]= − ²ˆ−1
∫
v
∂ {N}
∂x
∂ {N}T
∂y
dV
= − ²ˆ−1
∫
v
[
∂
∂x
{N1
N2
N3
N4
}
∂
∂y
{ N1 N2 N3 N4 }
]
dV
= − ²ˆ−1
[ b2b3V b2b7V b2b11V b2b15V
b6b3V b6b7V b6b11V b6b15V
b10b3V b10b7V b10b11V b10b15V
b14b3V b14b7V b14b11V b14b15V
]
(B.12)
[A2,2 ]= ²ˆ−1
∫
v
(
∂ {N}
∂z
∂ {N}T
∂z
+ ∂ {N}
∂x
∂ {N}T
∂x
)
dV
= ²ˆ−1
∫
v
(
∂
∂z
{N1
N2
N3
N4
}
∂
∂z
{ N1 N2 N3 N4 }+ ∂
∂x
{N1
N2
N3
N4
}
∂
∂x
{ N1 N2 N3 N4 }
)
dV
= ²ˆ−1
[ (b4b4+b2b2)V (b4b8+b2b6)V (b4b12+b2b10)V (b4b16+b2b14)V
(b8b4+b6b2)V (b8b8+b6b6)V (b8b12+b6b10)V (b8b16+b6b14)V
(b12b4+b10b2)V (b12b8+b10b6)V (b12b12+b10b10)V (b12b16+b10b14)V
(b16b4+b14b2)V (b16b8+b14b6)V (b16b12+b14b10)V (b16b16+b14b14)V
]
(B.13)
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[A2,3 ]= − ²ˆ−1
∫
v
∂ {N}
∂z
∂ {N}T
∂y
dV
= − ²ˆ−1
∫
v
[
∂
∂z
{N1
N2
N3
N4
}
∂
∂y
{ N1 N2 N3 N4 }
]
dV
= − ²ˆ−1
[ b4b3V b4b7V b4b11V b4b15V
b8b3V b8b7V b8b11V b8b15V
b12b3V b12b7V b12b11V b12b15V
b16b3V b16b7V b16b11V b16b15V
]
(B.14)
[A3,1 ]= − ²ˆ−1
∫
v
∂ {N}
∂x
∂ {N}T
∂z
dV
= − ²ˆ−1
∫
v
[
∂
∂x
{N1
N2
N3
N4
}
∂
∂z
{ N1 N2 N3 N4 }
]
dV
= − ²ˆ−1
[ b2b4V b2b8V b2b12V b2b16V
b6b4V b6b8V b6b12V b6b16V
b10b4V b10b8V b10b12V b10b16V
b14b4V b14b8V b14b12V b14b16V
]
(B.15)
[A3,2 ]= − ²ˆ−1
∫
v
∂ {N}
∂y
∂ {N}T
∂z
dV
= − ²ˆ−1
∫
v
[
∂
∂y
{N1
N2
N3
N4
}
∂
∂z
{ N1 N2 N3 N4 }
]
dV
= − ²ˆ−1
[ b3b4V b3b8V b3b12V b3b16V
b7b4V b7b8V b7b12V b7b16V
b11b8V b11b8V b11b12V b11b16V
b15b8V b15b8V b15b12V b15b16V
]
(B.16)
[A3,3 ]=²ˆ−1
∫
v
[
∂ {N}
∂y
∂ {N}T
∂y
+ ∂ {N}
∂x
∂ {N}T
∂x
]
dV
=²ˆ−1
∫
v
[
∂
∂y
{N1
N2
N3
N4
}
∂
∂y
{ N1 N2 N3 N4 }+ ∂
∂x
{N1
N2
N3
N4
}
∂
∂x
{ N1 N2 N3 N4 }
]
dV
=²ˆ−1
[ (b3b3+b2b2)V (b3b7+b2b6)V (b3b11+b2b10)V (b3b15+b2b14)V
(b7b3+b6b2)V (b7b7+b6b6)V (b7b11+b6b10)V (b7b15+b6b14)V
(b11b3+b10b2)V (b11b7+b10b6)V (b11b11+b10b10)V (b11b15+b10b14)V
(b15b3+b14b2)V (b15b7+b14b6)V (b15b11+b14b10)V (b15b15+b14b14)V
]
(B.17)
Similarly, the elements of matrix [B]e can also be evaluated by considering the numerical
Gaussian quadrature integration as
[B]e = µˆ

V
10
V
20
V
20
V
20 0 0 0 0 0 0 0 0
V
20
V
10
V
20
V
20 0 0 0 0 0 0 0 0
V
20
V
20
V
10
V
20 0 0 0 0 0 0 0 0
V
20
V
20
V
20
V
10 0 0 0 0 0 0 0 0
0 0 0 0 V10
V
20
V
20
V
20 0 0 0 0
0 0 0 0 V20
V
10
V
20
V
20 0 0 0 0
0 0 0 0 V20
V
20
V
10
V
20 0 0 0 0
0 0 0 0 V20
V
20
V
20
V
10 0 0 0 0
0 0 0 0 0 0 0 0 V10
V
20
V
20
V
20
0 0 0 0 0 0 0 0 V20
V
10
V
20
V
20
0 0 0 0 0 0 0 0 V20
V
20
V
10
V
20
0 0 0 0 0 0 0 0 V20
V
20
V
20
V
10

(B.18)
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VALIDATION OF 3D FV-FEM
C.1 Empty Rectangular Cavity: Analytical Solutions
Our in house ~H-field based vectorial 3D FV-FEM is first applied to a simplest readily
available problem that can be found in every electromagnetic text books. An empty air
filled rectangular cavity with perfectly conducting walls is considered whose resonating
frequencies and modes can be evaluated analytically. The perfectly conducting walls
signify no dissipation of energy in the structure. We have taken the same problem to
benchmark our 3D FV-FEM code.
The dimensions of the empty rectangular cavity (Fig. C.1) are taken from [Sadiku,
2014] as
a = 5 cm; b = 4 cm; c = 10 cm (C.1)
Starting from the Maxwell’s equations the ~H field components of the resonating mode
along x, y, and z directions can be expressed as
Hx = H0x
[
sin
(
lpix
a
)
cos
(mpiy
b
)
cos
( npiz
c
)]
Hy = H0y
[
cos
(
lpix
a
)
sin
(mpiy
b
)
cos
( npiz
c
)]
Hz = H0z
[
cos
(
lpix
a
)
cos
(mpiy
b
)
sin
( npiz
c
)]
(C.2)
where l, m, and n are positive integers signify resonant mode numbers.
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Figure C.1: Schematic diagram of a 3D air filled rectangular cavity with dimensions a = 5
cm, b = 4 cm, and c = 10 cm along x, y, and z directions. The cavity is considered to be
enclosed with perfect electric walls (PEW).
The resonating wavelength (λres) and wavenumber (k0) of the resonating modes can
be obtained by using the following equation.
k20 = pi2
[(
l
a
)2
+
(m
b
)2+ (n
c
)2]
(C.3)
and
λres = 2pik0
(C.4)
Resonating wavelengths and wavenumber of each resonating mode can be analytically
determined by using Eqs. C.3 and C.4. The results are shown in Table C.1.
Table C.1: Analytical results of resonating wavelength (λres), wavenumber (k0), and k0a
of different resonating modes of the empty rectangular cavity.
Modes λres k0 k0a
TE101 8.9433 0.7025 3.5125
TE011 7.4278 0.8459 4.2295
TE111/TM111 5.9628 1.0537 5.2685
TM110 6.2470 1.0058 5.0290
TE102 7.0711 0.8886 4.4429
TM210 4.2400 1.4819 7.4094
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C.2 Empty Rectangular Cavity: Numerical Computation
by 3D FV-FEM
The same rectangular cavity is considered and its resonating modes and wavenumber are
calculated using newly developed in-house 3D FV-FEM solver. As the 3D FEM formulation
follows the same variational formulation which is derived from the Maxwell’s two curl
equations [Berk, 1956], the spurious non-physical solutions are present with the real
solution. The effect of those spurious solutions can be minimised by introducing the
divergence part with an extra weighting factor p (shown in Eq. 3.65). First, the numerical
simulation has been done for the TE101 mode. Variation of real physical and non-physical
wavenumbers (k0) of the TE101 mode as a function of penalty term (p) is shown in Fig.
C.2. The physical solution exhibits a very slow variation and it is shown by a black dashed
line. Other scattered points represent the non-physical solutions. The Hx and Hz field
distributions of the resonating TE101 mode for p = 0, 0.1, and 0.5 are shown in Fig. C.3.
For p = 0, the non-physical solutions exist in a very close vicinity of the real physical
solution thus result in distorted mode field distributions. Noisy Hx and Hz fields of TE101
for p = 0 are shown in Fig. C.3(a) and (d), respectively. As the penalty term is introduced
(p = 0.1, 0.2, . . . and so on) the fields became noise free as the k0 values of the non-physical
modes move away from the physical solution shown by the black dashed line in Fig. C.2.
Figures C.3(b) and (e) show the Hx and Hz fields, respectively of the TE101 mode for p =
0.1. An improved but little noisy distribution can be seen here. Whereas, Figs. C.3(c) and
(f) depict noise-free Hx and Hz fields, respectively when the penalty term (p) is considered
as 0.5.
The wavenumber (k0) variations with penalty term (p) for different modes such as
TE101, TE011, TE102, TM110, degenerated TE111 and TM111, and TM210 are given in
Fig. C.4(a). The percentage errors also have been evaluated as a function penalty term,
shown in Fig. C.4(b). It can be noticeable that although the percentage error increases
by a little amount, however, a noise-free field profile can also be obtained with the
increment of penalty term. Hence it is important to choose an appropriate penalty term.
We have considered p = 0.5 in order to give 50% weightage to the divergence part in
vector variational formulation. It can be noticed that the percentage error also increase
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Figure C.2: Variation of computed TE101 wavenumber (k0) of the empty rectangular
cavity (Fig. C.1) against penalty term (p). The physical solution varies very slowly and its
wavenumber(k0) for each p are connected by a black dashed line. Other scattered points
represent the non-physical spurious modes.
Figure C.3: Hx (top row) and Hz (bottom row) field distributions of TE101 mode with
penalty term, p = 0, 0.1, and 0.5.
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Figure C.4: (a) shows the wavenumber (k0) variation of different modes such as TE101,
TE011, TE102, TM110, degenerated TE111 and TM111, and TM210 with penalty term (p);
(b) illustrates the variation of numerical %error of those modes against penalty term. A
3D unstructured mesh with 18076 nodes is used for domain discretisation.
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Figure C.5: Schematic diagram of a 3D air filled rectangular cavity of dimensions a =
5 cm, b = cm, and c = 10 cm along x, y, and z directions. The cavity is considered to be
enclosed with perfect electric walls (PEW).
for higher order modes. Inclusion of penalty term does not increase the matrix order
and additional computational cost is almost negligible. For all these simulations, a 3D
unstructured mesh distribution with node numbers (np) of 18076 has been considered for
domain discretisation.
Next, the dependence of numerical accuracy on mesh size is studied for different
TE and TM modes. TE101, TM110, and TE111 and TM111 degenerated modes are sim-
ulated with different mesh sizes keeping the penalty term fixed at 0.5. The mesh size
is represented here in terms of node numbers (np). The simulation results are shown
in the Tables C.2, C.3, and C.4. Figure C.5 reveals that the percentage error decreases
and becomes almost stable with the incremental node numbers in a mesh which clearly
indicates that a higher numerical accuracy could be obtained at higher mesh. It is also
noticeable that the percentage error for higher order mode is higher for same mesh size.
As the higher order mode field has faster spatial variation so they need a finer mesh to
achieve same accuracy. These promising data and corresponding plots help to benchmark
the 3D FV-FEM code. Figure C.6 (a), (b), and (c) show the analytically solved Hx field
profiles of the degenerated TE111 and TM111 modes and Fig. C.6(d), (e), and (f) show the
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FV-FEM simulated field profiles of the same mode for a detail comparison. The degener-
ated TE111 and TM111 field profiles from 3D FV-FEM are noise-free and also matching
exactly with the analytical results. Eigenvalues (wavenumbers) are also matching well
with the analytically obtained results. The percentage error for each and every mode has
been calculated and their variations with penalty term and mesh size are shown in this
section. All the graphs and field profiles are the solid evidence to assess the accuracy of
the newly developed three dimensional ~H-field based finite element program.
Table C.2: Analytical and 3D FV-FEM simulated wavenumber of the TE101 mode.
TE101 mode
k0 (analytical) Node numbers (np) k0 (simulated) %Error
0.70250
18076 0.70331 0.11530
24611 0.70314 0.09110
34542 0.70300 0.07117
48218 0.70289 0.05552
66543 0.70280 0.04727
Table C.3: Analytical and 3D FV-FEM simulated wavenumber of the TE110 mode.
TE110 mode
k0 (analytical) Node numbers (np) k0 (simulated) %Error
1.0058
18076 1.00828 0.24657
24611 1.00777 0.19586
34542 1.00732 0.15112
48218 1.00700 0.11931
66543 1.00675 0.09445
Table C.4: Analytical and 3D FV-FEM simulated wavenumber of degenerated TE111 and
TM111 mode.
Degenerated TE111 and TM111 mode
k0 (analytical) Node numbers (np) k0 (simulated) %Error
1.05370
18076 1.05662 0.27712
24611 1.05602 0.22018
34542 1.05548 0.16893
48218 1.05511 0.133814
66543 1.0548 0.10439
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Figure C.6: Schematic diagram of a 3D air filled rectangular cavity of dimensions a = 5 cm,
b = cm, and c = 10 cm along x, y, and z directions, respectively. The cavity is considered to
be enclosed with perfect electric walls (PEW).
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